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Chapter 1

Introduction

Fundamental particles like electrons, neutrons, and protons serve as the essential components
of matter that make up the physical world around us. While the basic principles governing the
interactions between electrons and atomic nuclei are well understood, accurately predicting the
behavior of systems with many particles remains a complex task. For systems of non-interacting
particles, their collective properties can often be determined by averaging the behavior of indi-
vidual particles. Similarly, weakly interacting particles may sometimes display characteristics
resembling those of non-interacting systems. However, in the presence of strong interactions,
intricate and remarkable collective phenomena can emerge. Deciphering how these macroscopic
behaviors arise from the dynamics of strongly interacting microscopic elements continues to be

a challenging and intriguing area of study.

The ratio between the kinetic and interaction energies of microscopic particles is governed by
temperature. At low temperatures, the kinetic energy of particles decreases, which enhances the
effects of interactions, as seen in ferromagnetic materials. While spin degrees of freedom exhibit
significant fluctuations at high temperatures, they tend to align collectively in the same direction
when the system is cooled below the Curie temperature. This alignment is primarily driven
by the exchange interaction between spin degrees of freedom. The transition from disorder to
order in ferromagnetic systems can be understood within the framework of Landau’s theory of
symmetry breaking. In the disordered state, the system remains invariant under spin rotations,
while in the ordered state, a preferred direction is chosen, and the symmetry is spontaneously
broken. The concept of symmetry breaking provides a comprehensive explanation for many

known phase transitions and constitutes a fundamental principle in condensed matter physics.

However, certain phases of matter cannot be adequately described by Landau’s theory. For
instance, in the context of high-temperature superconductivity in cuprates such as LasCuQOy4
[26], the system can be effectively modeled using the Hubbard model [12]. The Hamiltonian for
this model is given by:

HHubbard = —1ij Z (CIJCJ'U + H.C.) + UZ”Z’T”Z’M (1.0.1)
i, i
o="{
where czo and ¢;, represent the electron creation and annihilation operators with spin o at site

1, respectively, and n;, = c;facw is the number operator for spin ¢ at the i-th site. The sum over
1, 7 indicates any pairs of sites in the lattice. The first term in the Hamiltonian accounts for the

hopping of electrons between nearest-neighbor sites, where ¢;; is the hopping integral between
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sites ¢ and j. The second term represents the onsite Coulomb repulsion between electrons with
opposite spins at the same site, with U being the corresponding on-site Coulomb repulsion
energy. Typically ¢ is taken to be positive, and U may be either positive or negative, but is
assumed to be positive when considering electronic systems. Though in some cold atom system
effective electronic interaction can be negative.

The kinetic energy term, representing electron hopping, delocalize the electrons and drives
the system toward metallic behavior. In contrast, the electron-electron interaction term tries
to localize electrons, favoring an insulating state. The interplay between these two competing
terms underlies phenomena such as the metal-insulator transition [242]. In the limit where
t > U, the system can be described by a band picture of non-interacting particles. Conversely,
when U > t, electrons become highly localized due to the strong Coulomb repulsion. For
a fermionic system at half-filling in the strong U limit, double occupancy of lattice sites is
not energetically favorable, leading to the suppression of electron hopping to avoid the double
occupancy. In this regime, the electrons’ spins arrange antiferromagnetically on the lattice to
further reduce the system’s energy. In the strong U limit, the system develops an energy gap
of order U, marking the transition to an insulating state. As U — oo, the charge degrees of
freedom are entirely frozen, leaving only the spin degrees of freedom to dominate the system’s
behavior. This transition from a metal to an insulator as a function of the ratio U/t is known
as the Mott transition [93].

In the strong U limit and at arbitrary filling except half filling, the low-energy approximation
of the Hubbard model is described by the ¢ — J model, which incorporates two key interactions:
electron hopping and spin exchange [93]. The Hamiltonian of the ¢ — J model is given by:

Hig=—t Z (cZTUng + H.C.) + JZ (S; . gj — in,m) , (1.0.2)
i i

7]
o=l

where the fermionic operators C;-[U and c¢;, have the same meaning as in Eq. (1.0.1), and S;
represents the spin vector at site 4. The first term describes electron hopping, constrained to
avoid double occupancy, while the second term accounts for the antiferromagnetic interaction
between nearest-neighbor spins with exchange strength J = %.

Eq. (1.0.2) indicates that electron hopping persists in a fermionic system away from half-
filling even at U — oco. However, at exactly half-filling and in the large U limit, the ¢t — J model
reduces to the Heisenberg antiferromagnet (HAF'), where electrons are completely localized with

singly occupied sites [93]. The Hamiltonian for the Heisenberg model is given by:
HHeisenberg = JZ S_;z : 5] (103)
1,J

The Heisenberg model, Eq. (1.0.3), and its various extensions have been extensively studied
in the literature. The behavior of the system depends the sign of the coupling constant J. When

J < 0, the model is called ferromagnetic (FM), as it energetically favors neighboring spins to
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align in the same direction. Conversely, for J > 0, the model is referred to as antiferromagnetic

(AFM), where neighboring spins are energetically favored to align in opposite directions.

The FM Heisenberg model was first studied by W. Heisenberg in 1928 for a spin-1/2 one-
dimensional (1D) chain [142]. In 1931, Bethe introduced an ansatz to solve the spin-1/2 isotropic
HAF model on a 1D chain [29]. Subsequently, Hulthén derived the exact ground-state (gs)
energy of the Heisenberg model [153]. The gs shows quasi long-range spin correlation with

gapless continuum of spinon excitations [70, 118].

In many cases, an exact analytical solution is unavailable. For instance, the exact ground
state of the two-dimensional spin-1/2 HAF on a square lattice remains unsolved to this day.
However, analytical approximation methods such as spin-wave theory [154] and numerical ap-
proaches like Exact Diagonalization [252] and Quantum Monte Carlo [283] have conclusively

demonstrated that the ground state of this system exhibits magnetic order.

In many cases, magnetic materials described by models such as Eq. (1.0.3) exhibit disordered
states at high temperatures and ordered states at low temperatures. However, this behavior is
not universal, as certain mechanisms can inhibit the development of magnetic order, even at
low temperatures. Key factors that suppress magnetic ordering include the low quantum spin
number of the magnetic ions, reduced dimensionality of effective interactions at low tempera-
tures, and various forms of frustration, such as geometric or exchange frustration. The influence

of these mechanisms is discussed in detail in Section 1.1.

The properties of disordered states in low-dimensional frustrated quantum magnets present
a fascinating area of study. These states often differ significantly from trivial paramagnetic
phases, as they lack long-range magnetic order even at absolute zero and are characterized by
a low degree of quantum entanglement. Notably, some of these disordered states can possess

topological order and are referred to as Quantum Spin Liquids (QSLs).

Quantum spin liquids (QSLs) are extensively studied in lattices characterized by geometric
frustration, where spin interactions inhibit long-range magnetic order. Examples include the
triangular [362], kagome [373], and pyrochlore lattices [373], where frustration arises from the
spin configurations, leading to disordered QSL states. In the Kitaev honeycomb lattice [347],
bond-dependent Ising interactions give rise to the Kitaev spin liquid, featuring exotic excita-
tions such as Majorana fermions. These diverse lattice geometries provide unique pathways for

realizing QSLs.

Frustrated quantum magnets, representing strongly correlated phases of matter, are gov-
erned by intricate interactions that challenge traditional analytical approaches, such as pertur-
bation theory in the non-interacting limit or mean-field approximations, which often fail to accu-
rately capture their behavior. Numerical methods have thus become crucial for studying such
systems. Prominent techniques include Exact Diagonalization (ED), Quantum Monte Carlo
(QMC) [307], Variational Monte Carlo [45], Density Matrix Renormalization Group (DMRG)
[375, 377], and tensor network algorithms [321], each with distinct strengths and limitations.
In this work, ED and DMRG have been employed, and their detailed descriptions are provided
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in Chapter 2.

1.1  Frustrated Magnetism

Frustrated magnetism has emerged as a rich and exciting field of research in condensed matter
physics, encompassing phenomena driven by the interplay of quantum mechanics, geometry, and
exchange interactions. Magnetic frustration occurs when a magnetic system cannot minimize
the energy of all interactions simultaneously, leading to complex and often disordered ground
states. This frustration arises when competing interactions—whether geometrical or exchange
interactions—prevent a simple magnetic ordering, such as ferromagnetic or antiferromagnetic
alignment. Unlike conventional magnets, where spins align in a way that minimizes the system’s
energy, frustrated magnets are characterized by an inability to simultaneously satisfy all local
interactions, often resulting in exotic phases like spin liquids, spin glasses, spiral ordering, or
incommensurate phases.

Frustrated magnetism is typically categorized into two types: geometrical frustration and
exchange frustration. These types of frustration differ in their origins and can lead to distinct
types of behavior, depending on the dimensionality of the system. In the following sections, we
will examine these two categories of frustration from a theoretical perspective, with a focus on
1D chains, quasi-1D systems like zigzag ladder, two-leg ladders, and 2D systems.

Geometrical frustration: In geometrically frustrated magnetic systems, the underlying lattice
structure prevents the simultaneous minimization of all spin-spin interactions. A well-known
example of this phenomenon occurs in a triangular lattice, where three spins form a fundamental
frustrated unit [15, 28, 41, 58, 94]. If two spins within a triangular plaquette align antiferro-
magnetically to minimize their interaction energy, the third spin cannot align in a way that
satisfies all pairwise interactions [see Fig. 1.1 (a)]. Consequently, the system cannot achieve a
fully ordered ground state where all interactions are minimized simultaneously.

This inherent incompatibility between antiferromagnetic interactions and the symmetry of
the triangular lattice is a hallmark of geometrical frustration. In frustrated magnets, the inabil-
ity to establish a unique, ordered ground-state configuration at low temperatures often results in
a highly degenerate ground-state manifold. As a consequence, such systems can exhibit exotic
magnetic phases, including spin liquids and spin ices, where conventional magnetic ordering is
suppressed due to frustration.

In 1D and quasi-1D systems, geometrical frustration is typically less pronounced because
the interaction is restricted to a linear or nearly-linear arrangement. In 2D systems, geometrical
frustration can be more severe. For instance, the Kagome lattice [69, 89, 179, 216, 217, 232,
246, 298, 405] consist of corner shared triangles as shown in Fig. 1.1 (b) is a famous case
of geometrically frustrated lattice. In this lattice, no spin configuration can satisfy all the
interaction constraints, leading to a highly degenerate ground state. As a result, such systems
often exhibit disordered ground states like spin liquids, where the spins do not order even at low

temperatures. A three-dimensional analogue is the pyrochlore lattice [16, 50, 97, 251, 262, 373],
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built from corner-sharing tetrahedra, as shown in Fig. 1.1 (c).

(@ (b) A A A

Figure 1.1: (a) Geometrically frustrated system on a triangular lattice. Three neighboring
spins cannot be pairwise antialigned, and the system is frustrated. (b) The kagome lattice
consists of corner-sharing triangles. (¢) The pyrochlore lattice is a network of corner-sharing
tetrahedra. This figure is adapted from Ref. [237].

FEzchange frustration: Exchange frustration arises from competing exchange interactions
between spins, which prevent the system from simultaneously satisfying all the interaction
terms. In systems exhibiting exchange frustration, interactions between neighboring spins favor
different types of spin alignments, leading to frustration. This form of frustration is especially
relevant in systems where competing exchange interactions, such as nearest-neighbor and next-
nearest-neighbor interactions, play a dominant role.

In 1D spin chains, frustration is often induced through competing nearest-neighbor (NN)
and next-nearest-neighbor (NNN) interactions. For instance, the spin-1/2 Heisenberg chain
with NN interaction J; and NNN interaction Js, also known as the J; — Jo model, showcases
frustration for antiferromagnetic J; and any value of Jy [228, 229]. Quantum fluctuations dom-
inate, suppressing long-range magnetic order and stabilizing exotic phases like spiral, valence
bond crystals [122]. This model is discussed in detail in Subsection 1.2.1.

Quasi-1D systems, such as two-leg ladders, provide another canonical example of frustration.
Here, frustration arises from competition between rung (J,) and leg (J;) couplings. In the
strong rung coupling regime (J, > J;), the ground state is a spin-singlet phase dominated
by dimerized rung pairs [61-63]. Conversely, in the weak rung coupling regime (J, < J;), the
system resembles a gapless spin-liquid state akin to a 1D Heisenberg chain. Introducing diagonal
interactions further enhances frustration, destabilizing the singlet phase and potentially giving
rise to resonating valence bond (RVB) states. Such systems are invaluable for investigating the
crossover between 1D and 2D physics. Fig. 1.2 (a-d) shows the examples of exchange frustration
in various 1D chain and two-leg ladder lattices.

In 2D systems, exchange frustration is typically more pronounced, often giving rise to a
diverse array of exotic phases. For instance, the Ji-Jo Heisenberg model, defined on square,
triangular, or honeycomb lattices, exhibits a complex phase diagram characterized by competing
antiferromagnetic orders. The frustration inherent in these systems can stabilize spiral or non-

collinear magnetic ordering, depending on the relative strengths of the nearest-neighbor (.J;)
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Figure 1.2: (a) Exchange frustration on a 1D chain with nearest neighbor (NN) exchange J;
and next-nearest neighbor (NNN) exchange Jo. (b) 1D chain as zigzag ladder with NN exchange
J1 and NNN exchange Js. (c¢) coupled trimer chain with intra-trimer NN exchange J; and NNN
exchange J and inter-trimer NN exchange J| and NNN exchange Jj}. (d) two-leg ladder with
rung exchange J,, leg exchange J; and diagonal exchange Jy. (e) 2D square lattice with NN
exchange J; and NNN exchange Jy. (f) 2D honeycomb lattice with NN exchange J; and NNN
exchange Jo. (g) honeycomb lattice with Kitaev exchange. Red, blue and green bonds indicate
bond dependent Kitaev exchanges (K, Ky, K).

and next-nearest-neighbor (J3) exchange interactions [31, 77, 100, 111-113, 151, 188, 215, 235,
239, 285, 359, 383]. Fig. 1.2 (e-f) shows the examples of exchange frustration in various 2D

lattices.

Another prominent example of exchange frustration is the Kitaev model on the honeycomb
lattice, introduced by Alexei Kitaev in 2006 [184], which has significantly advanced the under-
standing of quantum magnetism by providing a concrete framework for studying quantum spin
liquids (QSLs). The Kitaev model describes a system of spin-1/2 particles on a two-dimensional
honeycomb lattice as shown in Fig. 1.2 (g), where the interactions are bond-dependent and
anisotropic—each bond allows spin interactions along a single spin component. This unique
interaction geometry induces frustration, preventing the spins from forming conventional long-
range magnetic order. Instead, the system realizes a quantum spin liquid state, characterized by

long-range quantum entanglement and the absence of magnetic order, even at zero temperature.
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A key feature of the Kitaev model is its exact solvability in the absence of a magnetic
field, which allows for a rigorous analysis of its fractionalized excitations, including Majorana
fermions. Furthermore, under an applied magnetic field, the model transitions into a topologi-
cal phase supporting non-Abelian anyons, with potential applications in fault-tolerant quantum
computation. Experimental evidence from materials such as a-RuCls has revealed behavior
consistent with the Kitaev model, establishing its relevance for understanding quantum materi-
als and exploring advanced technologies. A detailed discussion of the Kitaev model is provided

in Subsection 1.2.2.

1.2 Low-dimensional systems and frustrated magnetism

Low-dimensional quantum spin systems, including one-dimensional (1D) chains, quasi-1D sys-
tems such as two-leg ladders, and two-dimensional (2D) lattices, provide an ideal platform for
investigating the effects of frustration in magnetism. The pronounced influence of quantum
fluctuations in these geometries makes them particularly interesting for theoretical and experi-

mental studies.

1.2.1 One-dimensional Chain

A notable model incorporating both nearest-neighbor and next-nearest-neighbor interactions
was introduced by Majumdar and Ghosh in 1969 [228, 229]. The Hamiltonian for this system
is expressed as:
H(Jy, Jo) =D 8- Sivi+J2 Y Si- Sisa, (1.2.1)
i i

where the first term represents the nearest-neighbor exchange interaction, and the second term
corresponds to the next-nearest-neighbor interaction. When Js > 0, the model exhibits frustra-
tion, irrespective of the sign of J;. The degree of frustration is characterized by the parameter
a = Jy/Jp, which quantifies the competition between these exchange couplings. Since the model
consists of a single spin per unit cell, the total spin S = ), S? remains a conserved quantity.
The spin exchange interactions for this system are illustrated in Fig. 1.2 (a). In the limit of

large Jo/J1, the structure effectively maps onto a zigzag chain [55].

1.2.1.1 Quantum phases

The ground-state quantum phase diagram of Eq. (1.2.1) in the J; — Jy parameter space is
shown in Fig. 1.3, revealing six primary quantum phases, including gapless QLRO (7), decou-
pled gapless QLRO (7/2), a gapped dimer phase, gapped spiral-I and spiral-II phases, and a
ferromagnetic (FM) phase. Let us now discuss these phases in detail.

Quasi-long range order (QLRO): At Jy = 0, J; > 0 limit, the model in Eq. (1.2.1) reduced
to a Heisenberg antiferromagnetic (HAF) spin-1/2 chain. The ground state exhibits an anti-

ferromagnetic spin arrangement, as illustrated in Fig. 1.2 (a). The energy spectrum is gapless



Chapter 1. Introduction

2 Jo/Jy = 2.27
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33, =-025 Gapped \.T o ¥ e.. Pl capped
spiralll

2T T T T LT
FM gapless AFM gapless J
LRO(0) QLRO(77) 1

Figure 1.3: The quantum phase diagram of the Hamiltonian H(Jy,J2), as depicted in
Eq. (1.2.1), displays the critical points for the ratio Jo/J; at —0.25, —0.81, 2.27, and 0.2411. The
exact location of Jo/J; = —0.25 separates a gapless ferromagnetic (FM) phase from a gapped
incommensurate (IC) phase. Between Jo/J; = —0.81 and Jy/J; = 2.27, a gapless decoupled
phase is observed, where open and closed circles represent spins oriented in and out of the plane,
respectively. The gapped IC phase continues until the Majumdar-Ghosh (MG) point, J; = 2.Js,
and the dimer phase persists until Jo/J; = 0.2411, beyond which the system transitions into a
gapless antiferromagnetic (AFM) phase. This figure is reproduced and modified from the ref.
[335].

[124]. Luther and Peschel [224] first predicted the critical exponents for spin-spin power-law
correlations in 1975, which agreed with Bonner and Fisher’s seminal numerical results from 1964
[33]. In 1989, a multiplicative logarithmic correction to the power-law decay was introduced
due to a marginally irrelevant “spin-Umklapp” process [1, 2, 107, 328], later verified numerically

[9, 55, 82, 121, 125, 129, 159, 200, 201, 254, 354, 381]. The spin correlation function is given by

(—1)" log(r)"/?

r

(S(r) - S(0)) o (1.2.2)

This phase is referred QLRO (), which signifies quasi-long-range order in the spin correlations
at the wave vector ¢ = w. Sandvik has reviewed numerical studies of the HAF and related
spin chains, at a < 1 [308]. Lecheminant addressed frustrated 1D spin system mainly from
field theory perspective for o < 1 [212]. The spectrum of this model in small a limit has been
extensively studied and it is found that the lowest excitation of this model is a triplet state.
[10, 11, 227].

In another extreme limit, where J; ~ 0 and J2 > 0, the system can be viewed as a zigzag
ladder, with all odd and all even sites forming the two legs of this ladder, connected by Jy
exchanges. The J; exchanges serve as the rungs between the legs, as illustrated in Fig. 1.2 (b).
In absence of rung the ladder acts as two decoupled chains, with each chain behaving as a HAF
spin chain exhibiting an antiferromagnetic spin configuration. The spin correlation follows the
power law behavior with wave vector at ¢ = 7/2. This phase is referred to as QLRO (7/2). It
persists for —0.81 < Jy/J; < 2.27 [205, 335].
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Dimer phase: The doubly degenerate ground state and it’s wave function was predicted by
C. K. Majumdar and D. Ghosh at Jy/J; = 1/2 and it is written by

N/2
o) = [T [2i —1,2i]
=1
N/2
w51y = Tl26,2i + 1, (1.2.3)
=1

where [i, j] singlet dimer [i, j] = %(Tiij — 1i1j). Pictorial representation of the ground states

_ 3N
8

are shown in Fig. 1.4. The ground state energy is EMG = , and the singlet-triplet spin

1 2 3 4 N-1 N
MG1> ————> — R G
MG2> = e —— e B B BB o>
2 3 4 5) N 1

Figure 1.4: Doubly degenerate dimerized ground states ([MG1) and [MG2)) of the MG model
are shown and solid bonds indicate the dimer singlet of two neighboring spins.

gap is exactly A = Jy [228, 229]. The gapless QLRO (7) to gapped dimer transition was first
predicted in 1983 by D. Haldane at Jo/J; = 0.3 [123]. Later, it was shown numerically that the
critical point is at Jo/J; = 0.2411 by Okamoto and Nomura using the level crossing method
[253]. DMRG calculations also supported this claim [55, 200, 381]. For Jo/J; > 0.2411, the
spin gap grows exponentially, as predicted by White and Affleck using a combination of DMRG
and field theory. The spin gap is exponentially small, with the inverse correlation length. The
expression for the spin gap, A, is given by [381]:

A= E o exp(J1/ (T — Jac)), (1.2.4)

where vy and £ are the spin wave velocity and correlation length in the system and Jo. =
Ja/J1 = 0.2411. White et al. concluded that this phase extends to J; = 0. Itoi and Qin
presented a more detailed field theory for large Jo/J; [159] and showed that the spin correlation

—9/3
&(J1, J2) ~ exp [c <|:2|> ] (1.2.5)

The spin correlation function and A in this phase are extensively studied by various group
[55, 200, 201, 381]. The dimer phase extends from Jy/J; = 0.2411 to 0.5, as shown in Fig. 1.3.
Gapped spiral I & II: In the antiferromagnetic regime (J; > 0), the gapped spiral I phase

length diverges as:

emerges at Jy/J; ~ 0.55 and persists until the decoupled phase at Jo/J; = 2.27. A similar
gapped spiral phase, referred to as gapped spiral II, exists in the ferromagnetic regime (J; < 0)
and spans the range Jo/J; = —0.25 to Jy/J1 = —0.81. The ground state of both phases
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is dimerized, characterized by a finite A and exponentially decaying correlations [159, 335].
However, the spin gap and dimerization in the ferromagnetic regime are significantly smaller
compared to their antiferromagnetic counterparts. Within these phases, the nearest-neighbor
spins align with a specific pitch angle or spin wave vector q¢, determined by the Jo/J; ratio
[38, 55, 200, 201, 353, 380].

Ferromagnetic phase: This is a trivial phase where all the spins are aligned in the same
direction. However, as we increase the antiferromagnetic Jo, the frustration in the system
grows, leading to a first-order transition to a singlet state at Jo/J; = 1/4. Badar et al. showed
that for the ferromagnetic condition, |J1|/.J2 > cos?(m/N), where N is the system size of a one-
dimensional chain [17]. Later, the transition from the ferromagnetic to the incommensurate
phase at Jy/J; = —0.25 was studied by various groups [147, 196, 203, 342].

1.2.1.2 Experimental realization of 1D chain

Spin chain systems provide a vital connection between advanced concepts in many-body quan-
tum physics and experimentally measurable properties in real materials. Furthermore, we
demonstrate that frustrated magnets, characterized by a macroscopic number of quasi-degenerate
states in competition, serve as an exceptional platform for exploring emergent exotic phenom-
ena [206]. Notably, the interplay between geometric frustration and confined dimensionality
facilitates the emergence of unexpected quantum phases, often associated with the spontaneous
breaking of continuous or discrete symmetries, a phenomenon referred to as “order by disorder”.

In this section, we focus on the realization of the MG model in real materials. As noted
earlier, low-dimensional spin-1/2 structures are commonly found in three-dimensional transition
metal (TM) oxides. These materials are typically insulating in nature and exhibit localized
magnetic moments. For instance, a material containing copper in the 42 oxidation state (Cu?")
effectively exhibits spin-1/2. The magnetic interaction between two neighboring Cu spin-1/2
moments can arise either from direct overlap of the d-orbitals, resulting in direct exchange,
or through non-magnetic ligands, leading to an indirect exchange process. Such ligands can
include individual atoms such as oxygen, sulfur, or halides, or more complex molecular systems
[303].

Copper oxide-based structures can be broadly classified into two categories based on the con-
nectivity of their CuOg octahedra. In corner-sharing CuOg octahedra, each octahedron shares
only a corner (vertex) with its neighbors. This arrangement facilitates significant overlap be-
tween the p-orbitals of oxygen and the 3d orbitals of adjacent Cu ions, resulting in stronger
electronic interactions. Consequently, these materials exhibit stronger magnetic exchange in-
teractions. Notable examples include SroCuOs and SrCuOg [241].

In contrast, edge-sharing CuQOg octahedra share one edge with neighboring octahedra, lead-
ing to a bonding environment where the orbitals of adjacent Cu ions are nearly orthogonal. This
configuration limits orbital overlap and weakens direct electronic interactions, thereby reducing

the dimensionality of magnetic interactions and weakening the exchange coupling.

10
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The Goodenough-Kanamori-Anderson (GKA) rule [13, 14, 114, 173] suggests that the bond
angle is also crucial in determining the nature of the exchange interaction. When the Cu-O-Cu
bond angle is close to approximately 90°, it favors the superexchange mechanism, resulting in
a ferromagnetic interaction. In contrast, when the bond angle is close to 180°, it leads to an

antiferromagnetic exchange.

Several other transition metal (TM) atoms may also exhibit an effective spin-1/2, depending
on factors such as the ionic state of the atom, crystal field splitting, and other environmental
conditions. For instance, vanadium-based compounds [46, 110, 158, 191, 268, 304, 310, 312,
364, 365] can form atomic doublets or effective spin-1/2 states, exhibiting behavior analogous
to the spin-1/2 state of Cu?*. In many cuprates, the next-nearest-neighbor spin exchange,
Ja, is finite due to possible exchange pathways such as Cu-O-O-Cu, which typically result in
antiferromagnetic interactions. As previously discussed, a finite antiferromagnetic Jo introduces
frustration irrespective of the nature of the nearest-neighbor exchange, J;. The magnitude of

Jo is influenced by the effective orbital overlaps between next-nearest-neighbor atoms.

The exchange interactions in these materials can be quantitatively determined by fitting
experimental data, such as magnon dispersion obtained from neutron scattering measure-
ments, specific heat, and magnetic susceptibility. This section focuses on spin-1/2 quasi-one-
dimensional chain or zigzag ladder materials and their modeling using the MG model, empha-

sizing their J; and Jo parameters.

There are numerous materials that exhibit antiferromagnetic J; and Jo interactions, such
as SraCuOs [189, 241, 323, 333] and SrCuOq [156, 233, 241, 333, 409]. In ferromagnetic J;
of the J; — Ja model spin-1/2 chain are generally realized in edge-shared cupric octahedron
CuOg and the bond angle Cu-O-Cu is generally 90° . The exchange ratio a = Jo/|J1| in these
system may ranges from [80, 202] a ~ 0 in BagCusInsO12 or BagCuzScsO12 to o = 0.5 in
(N2H5)CuCls, [226] LiCup02, [263] LiCuSbOy, [81] LiCuVOy, [243] and RbayCuaMo3012 [134]
and LiCuVOy [367] .

The compound LiCuSbQy is a well-studied spin—% chain system that exhibits a ferromagnetic
nearest-neighbor exchange interaction, denoted as Jj, along with a competing next-nearest-
neighbor antiferromagnetic interaction. The interaction ratio is given by Jo/J; = —0.45 [81].
The crystallographic structure of LiCuSbOy is depicted in Fig. 1.5(b). Experimental investiga-
tions reveal the absence of three-dimensional magnetic ordering down to a temperature of 100
mK. Additionally, in the presence of an external magnetic field, the system stabilizes a spin-
nematic phase, with weak anisotropy in the exchange interactions also being observed [117].
This behavior is in contrast to that of LiCuVOy, which undergoes long-range magnetic order-
ing at sufficiently low temperatures, whereas LiCuSbO4 remains in a disordered state down to

Ty =0.1 K.

The compound LiCuVOy is extensively studied for its ferroelectricity at low temperatures
and spin nematicity under high magnetic fields. The crystal structure of this material is il-

lustrated in Fig. 1.5(c). The Cu?" ions form magnetic chains with spin S = % along the

11
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Figure 1.5: 3D Crystallographic structures of (a) CuGeOs, (b) LiCuSbOy, and (c) LiCuVOs.
In these compounds, edge-sharing CuOy4 octahedra organize into spin-1/2 chains oriented along
the c-axis in CuGeOQgs, the a-axis in LiCuSbOy, and the b-axis in LiCuVO,4. The nearest-neighbor
(J1) and next-nearest-neighbor (J2) spin-exchange interactions are depicted by black lines. The

interaction Jp is antiferromagnetic in CuGeQOs, whereas it is ferromagnetic in both LiCuSbQOy
and LiCuVOy.

orthorhombic b axis [367]. The coupling constants are given by J; = —19 K and Jo = 44 K.
However, to accurately describe the long-range helical order that emerges at the Néel temper-
ature Ty = 2.4 K, an interchain coupling Jyp = —4.6 K must be considered [87].

Another spin-1/2 chain system exhibiting diverse magnetic phases is the linarite compound
PbCuSO4(OH)s. Linear spin wave theory predicts the exchange couplings to be J; = —114 K
and Jo = 37 K [297], although experimental observations suggest a weak interchain coupling
of Jy = 4 K. Density matrix renormalization group (DMRG) calculations indicate anisotropic
behavior for the exchange interaction, with J; = (Jig, Jiy, J1.) = (—91.1,-86.6, —88.4) K
and Jo = 28.3 K, providing a more refined description of the experimental findings. These
calculations further predict an interchain coupling of Jy = 2.7 K [141]. Several studies have
explored the magnetic properties of this material [99, 271, 389).

The family of compounds Ay;CusMozO12 (A = Rb or Cs) represents another class of one-
dimensional spin-1/2 Heisenberg systems. For A = Rb, the system exhibits a ferromagnetic
exchange interaction with J; = —138 K and an antiferromagnetic interaction with Jy = 51 K,
while for A = Cs, the values of J; and J; are —93 K and 33 K, respectively [101, 136]. The

compound RbaoMogCusO1s is an ideal candidate for studying systems near the critical value of

12
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Ja/J1 = 0.25 [134, 136, 139, 407]. The interaction ratio suggests that RbaMo3zCusO12 hosts a
spin-singlet incommensurate (IC) ground state. Thermodynamic properties such as magnetic
susceptibility and specific heat, along with the field dependence of magnetization, have been

computed by H. T. Lu et al. [222] using the transfer-matrix renormalization group method.

1.2.1.3 Dimerized J; — J5 model

In certain cases, the interaction between electrons and lattice vibrations can result in lattice
dimerization at low temperatures. Assuming that the dimerization affects only the nearest-
neighbor exchange interactions, the modified form of the dimerized MG model can be expressed

as follows:

—

H=>"Jy(1+ (=1)"0)(S; - Sit1) + Jo(S; - Siy2) (1.2.6)

The parameter § represents the dimerization in the nearest-neighbor exchange interactions. The
ground state of the dimerized antiferromagnetic Heisenberg spin-1/2 chain is a non-degenerate
singlet, and the Hamiltonian exhibits an energy gap between the singlet ground state and the
lowest triplet state for any finite value of §. This model was first studied by Bray et al. in 1975
to describe the magnetic properties of a specific material within the mean-field approximation
[35]. Subsequent theoretical investigations by various groups have provided significant insights
into its properties [34, 325, 345, 370]. Cross and Fisher analyzed the dimerized Heisenberg
spin-1/2 chain using the mean-field random-phase approximation [59, 60]. The scaling theory
predicts that the spin dimerization energy e(d) and the spin gap A(8) scale as 6*/3 and §%/3,
respectively [59, 60]. However, experimental results have shown deviations from these scaling
predictions for the spin gap [91, 170, 261].

The modeling of dimerized antiferromagnetic spin-1/2 Heisenberg chains remains a chal-
lenging problem. Recently, hybrid methods combining exact diagonalization and DMRG have
emerged as accurate tools for investigating the magnetic properties of spin-Peierls and dimerized

spin systems [299, 300].

1.2.1.4 Experimental realization: Spin-Peierls materials

The spin-Peierls (SP) transition in the antiferromagnetic spin-1/2 system is analogous to the
Peierls transition in fermionic systems [109, 119, 265]. This transition is characterized by a
lattice dimerization at low temperatures. In fermionic systems, dimerization leads to the opening
of a gap at the Brillouin zone boundary in the electronic spectrum. A similar phenomenon occurs
in spin chains, where dimerization stabilizes the ground state energy and opens an energy gap
[36, 275].
The spin-Peierls transition was initially discovered in the organic compound TTF-CuS4Cy(CF3)4

at Tsp = 12 K [35, 161]. The spin-1/2 chain at T" > Tgp has equally spaced TTF+ ion and

is dimerized below T' < Tgp. This compound is modeled by linear Heisenberg antiferromag-

13
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netic chain with equal exchange J; to both neighbors for T > Tgp and alternating exchange
J1(1£6(T)) for lower T. Subsequently, Hase et al. found that the reduction in magnetic suscep-
tibility, x(7") for an inorganic compound CuGeOs [132] with Tsp = 14 K. Its crystal structure
is depicted in Fig. 1.5(a). By analyzing magnetic susceptibility for 7' > Tsp, Riera and Dobry
estimated J2/J; = 0.35 with J; = 160 K [290]. However, the extensive studies of §(T") for this
compound remains inconclusive [363]. Sudip et al. utilized a hybrid ED/DMRG [299] approach,
adopting the parameters J; = 160 K and Jy/J; = 0.35 [301]. They showed the scaling of §(7")
with T and scaling of singlet-triplet gap A(T") with T for T' < Tgp.

1.2.2 The Kitaev model

In this subsection, we provide a brief introduction to the Kitaev model and outline its exact
solution as originally derived in Ref. [184]. This spin-1/2 model has been defined on a honeycomb

lattice with a spin-1/2 at every site.

O asub-lattice
I @® b sub-lattie

Unit cell

Figure 1.6: Schematic representation of the Kitaev model. This model features anisotropic
spin-spin interactions, where the interaction type depends on the orientation of the bonds. Each
bond is labeled as z, y, or z to signify the bond-dependent nature of the interactions.

In a honeycomb lattice, there exist three distinct types of bonds that are related by a
120° rotation symmetry. The system’s Hamiltonian incorporates anisotropic nearest-neighbor
spin-spin interactions, meaning that the interaction depends on the specific bond direction.

bRIEN S

Consequently, the bonds are classified into three categories: “x-links,” “y-links,” and “z-links,”
as depicted in Fig. 1.6. A pair of neighboring spins connected via an a-link (o = z,y, z) interact
through the a-component of their spin operators, contributing a term of the form o;'0f to the

Hamiltonian, where the indices ¢ and j label the lattice sites. This structure applies similarly
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to interactions along “y-links” and “z-links.” Hence, the Hamiltonian can be written as:

Hyitaer = — K Z UZ‘IO';C—Ky Z UEJO'?—KZ Z O'fO'j, (127)

x-links y-links z-links

where K, K,, and K, are model parameters, and j and k label generic nearest-neighbor sites.
The presence of anisotropic interactions in this spin model implies that it belongs to the class
of frustrated spin systems, as a spin at any given site cannot simultaneously satisfy all three
distinct interactions corresponding to the three different bond directions.

One of the fundamental characteristics of this model is the presence of multiple conserved
quantities. Specifically, for each plaquette, it is possible to define an operator that commutes
with the Hamiltonian. This operator, commonly referred to as the plaquette operator, is repre-
sented as W,,, where the index p designates the corresponding plaquette. The explicit expression

for the plaquette operator W, is given by

~

W, = o{o5050]oiof (1.2.8)
These plaquette operators satisfy
Wy, W,| = 0;  [H,W,] = 0. (1.2.9)

In this model, W, serves as a conserved quantity. One can verify that Wg =1, indicating that
the eigenvalues of W, are restricted to +1.

To explore the exact solution of the Kitaev model, we consider an approach that utilizes
fermionization. This method, originally introduced in Ref. [184], involves expressing spin-1/2
operators in terms of Majorana fermions. The subsequent subsection provides a comprehensive

discussion of this formalism.

1.2.2.1 Majorana fermion representation of spin-1/2

We begin by considering a description in which each site of the honeycomb lattice accommodates
two fermionic modes, labeled as ‘1’ and ‘2’. The corresponding creation and annihilation oper-
ators are denoted by CJ{, cg, c1, and cg, respectively. These operators define a four-dimensional
Fock space, spanned by the basis states |ni,n2) = |0,0),]0,1),|1,0), and |1,1), where n; and
ng represent the occupation numbers of the two fermionic modes. Next, we make these fermion

operators by using four Majorana fermions

c=a +CL
b* = %(01 — ),
bY = ¢y +c£,
M:%@—@) (1.2.10)
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The operators (71, 72,73, 74) = (b%,bY, b%, ¢) satisfy the following relations:

(Vs Ym} = Whm + YmW = Om; W= (1.2.11)

We now introduce a representation of a spin degree of freedom using four Majorana operators.
These operators act within the four-dimensional Fock space M, while the physical Hilbert space
corresponding to a single spin is identified as a two-dimensional subspace M C M, constrained

by the following condition:
|€) e M if and only if DI§) =|¢), where D =0b"0bc (1.2.12)

We define M as the physical subspace and M as the extended space. The spin-1 /2 Pauli

operators, denoted by ¢%, o¥, and o7, can be expressed as
o =ibj'c, a=ux,y,z (1.2.13)

where b and ¢; represent Majorana operators. It can be verified that the Pauli matrices o
(a = z,y, z) commute with D, ensuring that M remains invariant. Additionally, they satisfy
the properties (6®)f = 0%, (¢%)? = 1, and the identity 0®c¥0* = ib®b¥b*c = iD. The operator
D can be expressed as D = (20?[01 - 1)(20502 — 1). This operator takes the value +1 in the
subspace spanned by the states |0,0) and |1, 1), while for the states |0,1) and |1, 0), it takes the
value —1. Consequently, the subspace formed by [0,0) and |1, 1) is referred to as the physical
subspace (M), as the spin representation in terms of Majorana fermions is strictly valid only

within this subspace.

To ensure that unphysical states are excluded, a projection operator P must be applied.

The projection operator P; at site [ is defined as

1+Dl

Pi=—3

(1.2.14)

1.2.2.2 Quadratic Hamiltonian

The Kitaev Hamiltonian in the Majorana fermion representation is given by:

H=K, Z szlbxm)(zcl —|—Kyz zbylbym)(zcl )+ K, Z (467 zm (ictch).

z-link y-link z-link
(1.2.15)

The structure of this Hamiltonian is shown in Fig. 1.7. The above Hamiltonian is quartic, but
remarkably the operators u; m (zba lb m) (where v € z,y, z) commute with the Hamiltonian

and with each other. This property reduces the Hamiltonian to a quadratic form in Majorana
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fermions. The u; operators satisfy the following properties:

u?m = —uwml; (ugym)2 =1; (1L7m)Jr = u?m, (1.2.16)

and their eigenvalues are u?m = +1. Furthermore, the conserved quantity plaquette operator

(W) can be reformulated in terms of Majorana fermions, yielding the following expression:

W, = I w. (1.2.17)

l,m,yEplaquette

Kx

Figure 1.7: Schematic representation of the Kitaev model on a honeycomb lattice, featuring
bond-dependent interactions K, K,, and K. The model admits an exact solution by introduc-
ing four Majorana fermions per site (depicted as yellow, blue, green, and brown circles). These
fermions can be reorganized into a static Zy gauge field (represented by the blue, green, and
brown ovals) and a remaining itinerant Majorana fermion (yellow circle). This figure is adapted
from Ref. [357].

The Hamiltonian in Eq. (1.2.15) takes the form,

H=K, Z uf  (icfch,) + Ky Z u?’m(z’c?cfn) + K, Z U (icfch,). (1.2.18)
z-link y-link z-link

The Hamiltonian presented in Eq. (1.2.18) represents the hopping interactions of free Majorana
fermions in the presence of a Zs gauge field in the background. In this framework, the Zo gauge
potential is denoted as u?m

The ground-state configuration is determined by minimizing the energy, which is achieved by
setting W,, = +1 for all plaquettes. This corresponds to fixing u?m = +1 for every bond. Now,
the Hamiltonian can be exactly diagonalized to determine the ground state in the extended
Hilbert space, denoted as |¢))ex. To ensure the state resides in the physical subspace, unphysical

states with D = —1 are projected out, yielding the physical ground state [¢) gs0 glven by:

[$) g = Plt))ex- (1.2.19)
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Kz

gapped spin liquid

Kx+ Kz +Ky = const.

Kx

gapless spin liquid
Majorana metal

Ky

Figure 1.8: Phase diagram of the Kitaev model plotted on the plane satisfying K, +K,+ K, =
const. The blue-shaded regions represent gapped spin-liquid phases that occur when one of the
three coupling strengths dominates. In contrast, a gapless spin-liquid phase emerges near the
isotropic point K, = K, = K, marked by the red dot. This figure is adapted from Ref. [357].

Here, P represents the global projection operator, defined as P= I HQDZ. Consequently, |1) o

corresponds to the ground state within the physical Hilbert space.

Taking W, = +1 that contains the global minimum of energy by choosing uzm = +1, the

Hamiltonian is written as

H=EK, > idc, +K, Y icd, +K.> icd, (1.2.20)
x-link y-link z-link

To solve the above Hamiltonian we define the following Fourier transformations for the

Majorana fermions,

a,b 1 ik ab
¢’ = E e e, (1.2.21)
— V2N

In this framework, we consider a lattice consisting of L and N unit cells along the directions
of a; and ag, respectively [Fig. 1.6]. After performing the Fourier transformation, we get the

Hamiltonian in momentum space as follow,

0 ifr) [cp
H—;((Cf;)T () (_ifk 0’“) (c%) (1.2.22)

where,
o= (KZ + Kpe~thor 4 Kye_ik'“z) . (1.2.23)
The primitive vectors are a; = (%, 73 and ap = (—%, @) It is easy to diagonalize the
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Hamiltonian in momentum space as follows:

GG

with v = % The diagonalized Hamiltonian is
H=> E (ozl:ozk _ B,Zﬁk) (1.2.25)
k

where E}, = | fi| represents the quasiparticle energy corresponding to the newly introduced field
operators ay and B;. The ground state is determined by occupying all the quasiparticle states

with negative energy, associated with S, and can be expressed as:

W= 11 6L0), (1.2.26)

kEHBZ
Here, the state |0) denotes the vacuum, which is annihilated by the operators oy and Sy, i.e.,
ai|0) = Bx|0) = 0. The summation runs over half of the Brillouin zone. To determine whether
the spectrum is gapless, we examine the condition f; = 0. It turns out that this equation
has solutions if and only if the parameters |K,|, |K,|, and |K,| satisfy the following triangle

inequalities:

Kol < K, |+ |K.|
K,| < K| +|K.|
K| < |Ko| + K| (1.2.27)

The low-energy excitations in this model correspond to gapless Majorana fermions with lin-
ear dispersion. This phase is identified as the gapless-Zo spin liquid phase. When the aforemen-
tioned conditions are not met, an energy gap emerges between the two bands, whose dispersion
becomes parabolic, leading to the gapped-Zs spin liquid phase. In the limit where K, > K, K,,
the Hamiltonian effectively reduces to that of the toric code model [183, 184]. The spin-spin
correlation function remains short-ranged, vanishing beyond nearest-neighbor sites [24]. Mean-
while, the dimer-dimer correlation function exhibits a power-law decay in the gapless phase,

whereas it decays exponentially in the gapped phase [406].

For clarity, the ground-state phase diagram is presented in Fig. 1.8. However, this solu-
tion method does not readily provide the exact eigenstates of the Hamiltonian or those of the
conserved quantities. The exact ground state of the Kitaev model can be obtained using Jordan-
Wigner transformations, but a detailed discussion of this approach is beyond the scope of this

thesis.
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1.2.2.3 Experimental Realization of the Kitaev Model

The experimental realization of the Kitaev model and the associated spin-liquid phase remains
an active area of research in condensed matter physics. The possibility of realizing the Kitaev
model in real materials was first proposed by Jackeli and Khaliullin in 2009 [160]. Materials
that exhibit such physics are typically found in iridium-based compounds, such as AsIrOs (A
= Na, Li), where iridium atoms form a honeycomb lattice [47, 155, 330].

In these compounds, the iridium ions are surrounded by oxygen octahedra, creating a crystal
field that splits the Ir d-orbitals into three to, and two eg4 levels, as depicted in Fig. 1.9. The five
d-electrons primarily occupy the to, orbitals, forming an effective orbital angular momentum
state with [ = 1. Due to strong spin-orbit coupling, the ¢, levels further split into a fully filled
j = 3/2 band and a half-filled j = 1/2 band. Strong electronic correlations then drive the
system into a j = 1/2 Mott insulating state. A schematic representation of this mechanism is

provided in Fig. 1.9.

octahedral : spin-orbit electronic
crystal field - coupling j=1/2 correlations
> ~3eV > | _ 400meV ——— =12 Mot
- insulator
d-orbitals L-o j=3/2 U

t29

IrOe cage

Figure 1.9: Formation of spin-orbit entangled j = % moments in a d° electronic configuration,
relevant for iridium ions (Ir**) and ruthenium ions (Ru"). Figure adapted from Ref. [357].

To gain insight into the magnetic interactions in these materials, it is important to consider
the structural connectivity of IrOg octahedra, which can share either corners or edges. In
a corner-sharing arrangement, the Ir-O-Ir bond angle is approximately 180°, facilitating an
isotropic Heisenberg exchange. Conversely, in an edge-sharing configuration, the Ir-O-Ir bonds
form a 90° angle, leading to two competing exchange pathways. Within a pure j = 1/2 picture,
these interactions destructively interfere, suppressing the conventional Heisenberg exchange and
giving rise to dominant anisotropic Kitaev interactions. A comprehensive multi-orbital analysis
confirms that the Heisenberg term is largely reduced in favor of anisotropic bond-dependent

interactions, forming the theoretical foundation of the Kitaev-Heisenberg (KH) model [160].

Several candidate materials have been identified as potential realizations of the Kitaev model,
including the honeycomb iridates AoIrO3 (A = Na, Li) [47, 155, 330], a-RuCls [20, 76, 162, 343,
357, 394], B-LixIrOg [162, 176, 350, 357, 394], and ~-LixIrOg [357, 358].

Despite these promising candidates, experimental studies reveal that many of these materials
exhibit an antiferromagnetic (AFM) zigzag ordered phase at low temperatures under ambient
conditions [167, 329]. This deviation from a spin-liquid state is attributed to additional interac-

tions beyond the Kitaev-Heisenberg model. In particular, off-diagonal I' interactions have been
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identified as a key perturbation, leading to a more generalized spin Hamiltonian:

Hikr= > [JSZ- -S;+ KS)S]+T (S?Sf + 55355*)}
y—bonds

+(Other interactions). (1.2.28)

Here, o and 3 refer to the two spatial directions perpendicular to v = x,y, z. In addition, some
materials also exhibit further-neighbor Heisenberg and I' interactions.

Experimental investigations indicate that applying an external magnetic field or pressure can
destabilize the AFM order, potentially driving the system toward a spin-liquid phase. However,
the precise nature of this transition remains a subject of ongoing research. Since the Kitaev
interaction is often regarded as the dominant term in these materials, further theoretical and
experimental studies are required to clarify the conditions under which a quantum spin liquid

state may emerge.

1.3 Outline of the thesis

The research presented in this thesis is structured into seven chapters, which are summarized
as follows:

Chapter 1 provides a comprehensive review of relevant frustrated spin-1/2 models in one-
dimensional and quasi-one-dimensional systems, along with their experimental realizations in
real materials.

Chapter 2 describes the numerical techniques employed in this study, namely exact diag-
onalization and the density matrix renormalization group (DMRG) method. These numerical
approaches are utilized to investigate the problems addressed in the thesis.

The thesis is divided into two main parts. The first part focuses on frustrated spin-1/2
models in one-dimensional and quasi-one-dimensional geometries, such as the dimerized Ji-J3
model and the coupled trimer model with three spins per unit cell. The second part is dedicated
to exchange frustration, specifically the Kitaev-Heisenberg (KH) model. The first part comprises
Chapters 3 and 4, while the second part includes Chapters 5 and 6.

Chapter 3 explores the spin—% J1-J2 chain with ferromagnetic nearest-neighbor exchange
(J1 < 0) and antiferromagnetic next-nearest-neighbor exchange (J2 > 0). The focus is on spin-
Peierls (SP) instabilities. For frustration a = Jy/|J1| > 0.65, the system exhibits sublattice
dimerization with four spins per unit cell rather than conventional chain dimerization. Intro-
ducing asymmetric J; couplings (7 > 0) leads to gapped chains with conditional SP transitions
and a weaker specific heat anomaly. The study demonstrates that both the Ji-J and gapped
models reproduce the spin susceptibility x(7") and specific heat C(T") of S-TeVO, above 8 K,
but low-temperature behavior suggests that 5-TeVO, is more accurately described as a gapped
chain rather than a Ji-Jo model.

Chapter 4 examines the ground state properties of a quasi-one-dimensional spin—% coupled
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trimer model. The system is characterized by nearest-neighbor intra-trimer exchange (J1),
inter-trimer exchange (J7), and next-nearest-neighbor intra-trimer and inter-trimer exchange
(J2), all of which are antiferromagnetic (Ji, Jj, Jo > 0). A quantum phase diagram is obtained
in the J{/J1—Ja/J;1 space, revealing different quantum phases, including spin fluid (SF), trimer,
gapless spiral, and gapped dimer phases, with phase transitions occurring as a function of inter-
trimer coupling.

Chapter 5 investigates the ground state dynamics of the spin—% KH model, focusing on
quadrupolar (QP) order in two-leg ladder and two-dimensional honeycomb lattice geometries.
The analysis reveals a robust QP order governed by the interplay between Heisenberg and Kitaev
interactions. Notably, QP order is enhanced near Kitaev spin liquid (KSL) phases, despite the
absence of long-range spin-spin correlations.

Chapter 6 explores the Kitaev-Heisenberg-DMI (KH-DMI) model on two-leg ladders and
honeycomb lattices, investigating the influence of Dzyaloshinskii-Moriya interaction (DMI) on
the Kitaev spin liquid (KSL). The study analyzes the stability of the KSL phase under varying
DMI strengths and reveals distinct phase transitions, including the emergence of a vortex phase
in the honeycomb lattice at strong DMI.

Finally, Chapter 7 presents concluding remarks and discussions on the findings of this

thesis.
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Numerical Methods

2.1 Introduction

In Chapter 1, various exotic phases in frustrated spin systems were discussed. Many of these
phases can be described using quantum many-body models, where quantum interactions play
a crucial role in determining the underlying physics. However, only a few quantum many-
body systems can be solved analytically. For instance, in the case of the one-dimensional
(1D) Heisenberg model, certain low-energy states can be determined exactly using the Bethe
ansatz [29].

Solving a quantum many-body Hamiltonian is inherently challenging due to the exponential
growth of the Hilbert space with system size. Specifically, for a spin-1/2 system with NV sites,
the dimension of the Hilbert space scales as 2. Given this rapid increase in computational
complexity, exact solutions are often impractical for large systems.

To address this challenge, approximate methods—both analytical and numerical—are widely
employed. Analytical techniques include spin-wave theory, field-theoretical approaches such as
bosonization, and the renormalization group framework. These methods have been extensively
used in the study of quantum magnetism, particularly in low-dimensional systems. However,
their applicability is generally restricted to specific models, and for more complex systems, they
often fail to provide reliable results.

In such cases, numerical methods serve as powerful alternatives. These methods can be
broadly classified into two categories: exact numerical techniques applicable to finite systems
and approximate numerical approaches. The latter includes methods such as Density Matrix
Renormalization Group (DMRG), Quantum Monte Carlo (QMC), and tensor network algo-
rithms, which have proven to be effective in exploring the physics of strongly correlated quantum
systems.

The exact diagonalization (ED) numerical technique allows us to solve the many body models
with small system size, i.e., with small Hilbert space dimension. For large system sizes several
approximate numerical techniques have been developed, i.e., quantum monte carlo (QMC) [308],
numerical renormalization group (RG) [391], density matrix renormalization group (DMRG)
[375, 377], tensor network [321], etc. In this thesis all the results shown in the next chapters are
mostly calculated using ED for small systems and DMRG for larger systems. In this chapter!,

we are going to discuss next the ED and conventional DMRG method.

1This chapter provieds the numerical methods employed in all the problems of this thesis.
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2.2 Exact Diagonalization

The properties of model Hamiltonians can be analyzed by computing their eigenvalues and
eigenstates. This is accomplished by expressing the Hamiltonian in a suitable basis and subse-
quently diagonalizing the resulting matrix. The Exact Diagonalization (ED) method involves
considering the full Hilbert space of a finite system, enabling an exact solution within the chosen
basis. A key advantage of this numerical approach is its ability to yield precise solutions for the
model Hamiltonian. However, its applicability is restricted to relatively small system sizes due
to the exponential growth of the Hilbert space with system size.

The Hamiltonians introduced in Chapter 1 commute with the total spin operators S and
S% ie., [H,8%] = 0 and [H,S?] = 0. Consequently, H, S? and S share a common set of
eigenfunctions, with corresponding eigenvalues denoted by E, S(S + 1), and mg, respectively.
The conservation of S and S* results in a block-diagonal structure of the Hamiltonian matrix
within a fixed S* sector, thereby reducing computational complexity.

For spin-1/2 systems, the z-axis is chosen as the quantization axis, with the two possible spin
orientations, up ({}) and down ({}), represented as 1 and 0, respectively. The spin operators S*
and SY can be expressed using the raising (S*) and lowering (S~) operators. The basis states
form an orthonormal set, ensuring that the Hamiltonian matrix remains symmetric. Table 2.1
provides the total number of basis states in different S% sectors for a system consisting of N

spins.

S?  Total number of basis states

o ()
1 (N/2—1)
9 N
N/2-2
N/2 |

Table 2.1: For a system consisting of N spins, the total number of basis states varies across
different S* sectors. Each sector corresponds to a specific total spin projection, which determines
the available basis states within that subspace.

The study of ground-state properties in frustrated magnetic models presents significant
challenges due to the presence of large degeneracies in low-lying energy states. This often results
in slow convergence or even non-convergent energy calculations. To mitigate these issues, the
Hilbert space is partitioned into different symmetry subspaces. In many models, spin-parity and
inversion symmetry remain conserved, allowing for a reduction in computational complexity.

The spin-parity operator is associated with a global rotation of all spins around either the
x or y axis by an angle of 7, leaving the Hamiltonian invariant. However, this holds strictly
within the S% = 0 sector. Similarly, inversion symmetry corresponds to a reflection about an
axis passing through two specific sites, labeled as 1 and N/2 + 1, which also preserves the

Hamiltonian.
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These symmetries are incorporated into the Hamiltonian matrix through unitary trans-
formations, thereby reducing its dimensionality and improving computational efficiency. The
transformed Hamiltonian takes the form H = UTH U, where U is a unitary symmetry operator
of dimension N x m. Upon transformation, the effective Hamiltonian H has a reduced dimen-
sionality of mxm, where m < N. These symmetry reductions are implemented after performing
block diagonalization using the total spin projection S#%, further decreasing the dimension of
each block in a given S* sector.

Solving a many-body model Hamiltonian via exact diagonalization involves the following

steps:
1. Construction of the basis states.
2. Formation of the Hamiltonian matrix in the chosen basis.

3. Diagonalization of the Hamiltonian matrix.

The computational cost for full diagonalization of a sparse matrix of dimension m xm is m? ,

whereas cost of finding only low-lying energies of a sparse matrix goes as m®/2. This implies that
working with moderate to large system sizes would involve working with Hamiltonian matrices
of dimension ~ 105 — 107 , which is computationally expensive. There exist many algorithms
like Lanczos method [207, 208], modified Lanczos algorithms [289], Davidson algorithms [67, 68]
etc., that can be employed to find the low-lying eigenstates without full diagonalization of the
Hamiltonian matrix. Davidson algorithm is among the most popular algorithms for calculating
the low-lying eigenstates a large symmetric and sparse matrix [291]. We use a modified version
of this algorithm — the Rettrup algorithm [287] for the problems in this thesis, which also works
for non-symmetric matrices. We briefly discuss the Rettrup algorithm below.

Consider a large, sparse Hamiltonian matrix H of dimension N x N. Retrup’s algorithm
begins with a set of m orthonormal vectors, denoted as {@]} for j =1,2,...,m. These vectors
serve as a basis for constructing a reduced Hamiltonian matrix of order m xm, denoted by {h;;}.
The elements of this reduced matrix are determined using the relation h;; = (Q;|H ]CZ) The
eigenvalues E,(gm) and eigenvectors C_"lgm) of the reduced matrix can then be obtained through
standard exact diagonalization techniques. For convenience, the eigenvalues and their corre-
sponding eigenvectors are typically arranged in ascending order based on energy.

If we are interested in the Ith eigenvalue of the Hamiltonian matrix (I < m), then we need

(m)

to consider the weighted residue vector I/T/l , whose i¢th component, VVl(m) (1), is given by the

coordinate relaxation method as

R{™ (i)

W) =
(El( /- Hi;)

(2.2.1)

where Rl(m) (7) is the ith component of the residue vector for the Ith approximate eigenvalue.
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ﬁl(m) is given by

R™ = (7 - E™nc™ (2.2.2)

where, I is the identity (unit) matrix and él(m) =>" cl(m) (z)@Z At this point, the space of
trial vectors is augmented by adding the vector
ol

Gy = 21 (22.3)
|Qm+1|

(m)

The vector Cj;n 41 is obtained as the projection of Vr/l , which is orthogonal to the m-

dimensional space, and is given by the Gram-Schmidt orthogonalization procedure,

m

Qi1 = Wz(m) - Z<Wl(m)7 Qr) Q- (2.2.4)
k=1

The procedure is iterated until either the norm of the residue vector is below a desired
threshold value, or the magnitude of no component of the residue vector exceeds a chosen
threshold. If the augmented small matrix, {h;;}, reaches a previously chosen maximum di-
mension L, above which the procedure is slow, it is possible to restart the whole calculation
by choosing Ql, Qg, ey ij to be C_"fL), C_’éL), cees 57%), where C"Z-(L) is the eigenvector of the ith
lowest eigenvalue of the L x L small matrix. It is usually found that Rettrup’s procedure is
very fast, owing to rapid convergence to the true solution, even when the initial guess space of

{Qm} is crudely chosen. In fact, m = 1 is adequate for obtaining the low-lying states.

2.3 Density Matrix Renormalization Group (DMRG)

Density Matrix Renormalization Group (DMRG) is a state-of-the-art numerical method [375]
developed to systematically truncate irrelevant degrees of freedom at each iterative step. This
approach reduces system complexity while retaining essential physical properties, enabling accu-
rate descriptions of large quantum systems with manageable computational resources. Among
the earliest renormalization techniques was Kadanoff’s block formation method for spin clusters
[171]. This method calculated scaling relations and critical exponents, providing a foundational
idea for iteratively reducing the degrees of freedom without altering core physics. Another sig-
nificant method was the Numerical Renormalization Group (NRG), introduced by Wilson [393],
a momentum-space renormalization technique successfully applied to the Kondo model [391].
Despite its success in solving problems like transport phenomena [391, 392], real-space imple-
mentations of NRG faced challenges due to hard wall boundary conditions forming during block
merging. These conditions led to inaccuracies in wavefunction calculations [267, 386]. The NRG
method involves dividing a system into smaller blocks, constructing a superblock Hamiltonian,
and iteratively truncating the Hilbert space. However, this method struggles with strongly

correlated systems due to issues arising from the isolation of blocks. In the renormalization
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group (RG) procedure, consider two blocks, A and B, each with a Hilbert space of dimen-
sion m. The combined superblock has a Hilbert space dimension of m?2, with the superblock
Hamiltonian including the Hamiltonians of A and B as well as their interaction terms. After
diagonalizing the Hamiltonian, the lowest m eigenstates are retained, and the Hilbert space is
truncated accordingly. The Hamiltonian is then projected onto this reduced basis to form a
smaller, renormalized Hamiltonian for the next iteration. While this process doubles the system
size at each step, it introduces significant errors because the truncated basis cannot accurately
represent correlations near block boundaries. For instance, if the ground-state wavefunctions
of two neighboring blocks have maxima at their centers and nodes at their boundaries, their
product states should exhibit this pattern. However, when these blocks are combined into a
superblock, the boundaries of the individual blocks become internal points, causing mismatches

that lead to significant inaccuracies, particularly in strongly correlated systems [377].

S. R. White addressed these issues by introducing the density matrix into the RG frame-
work [375, 386]. In this method, a superblock comprising the system and its environment is
constructed. The reduced density matrix of the system block is obtained by tracing out the
environment’s degrees of freedom, and only the most relevant eigenstates, corresponding to the
largest eigenvalues, are retained. This ensures that the truncated basis accurately represents
the system’s low-energy physics. The iterative process continues until the desired system size is
reached, and the Hamiltonian is diagonalized in the truncated Hilbert space. This breakthrough
significantly improved traditional RG methods, enabling the study of strongly correlated quan-

tum systems with unprecedented accuracy.

The DMRG algorithm has gained widespread popularity in condensed matter physics due to
its ability to handle strongly correlated systems. It has been applied to study the ground-state
properties of one-dimensional (1D) and quasi-1D magnets, as well as fermionic and bosonic
systems. References [43, 126, 128, 267, 319, 321, 378] provide detailed reviews of the DMRG
method and its applications. DMRG has been successfully used to study the ground states and
low-lying excited states of spin-1/2 Heisenberg models in 1D and ladder geometries [55, 195
199, 201, 205, 248, 257, 335]. Detailed investigations of spin correlations, spin gaps, low-energy
spectra, and edge modes in spin-1 chains have been conducted using DMRG [71, 336, 337, 379,
385]. Additionally, DMRG has been applied to low-dimensional Fermi-Hubbard [65, 66, 163,
172, 249, 250, 352, 411] and Bose-Hubbard models [42, 192, 194, 260, 279, 292, 293|, t — J
models [115, 165, 238, 382, 387, 388], and the Pariser-Parr-Pople model [92, 276]. Efforts
continue to expand DMRG for calculating dynamical or spectral properties [84, 127, 163, 164,
174, 193, 277], extending to two-dimensional (2D) systems [83, 247, 327, 339, 346, 398, 403],
real-time evolution [64, 120, 190, 209, 317, 318, 320, 384], and finite-temperature calculations
[21, 39, 96, 299, 300, 326]. Although early DMRG algorithms were efficient for systems with open
boundary conditions, recent modifications have successfully adapted the method for periodic
boundary conditions (PBC) [72].

The following subsection describes the basic DMRG algorithm for a 1D chain in more detail.
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2.3.1 Density Matrix Formalism in DMRG

The core of the DMRG algorithm lies in the systematic use of the density matrix to truncate
the Hilbert space while preserving the essential physics of the system. This formalism ensures

that the retained states are the most relevant for describing the system’s low-energy properties.

Consider a system block A of length L with a Hilbert space of dimension m and an envi-
ronment block B of the same length and dimension. Considering the linear growth of blocks of
N =1 or 2 site (new site block), the NV new sites will be added to both system and environment
block. The superblock, which includes these blocks and additional new sites, will be of total
length 2L 4+ 2N. Considering |a;) is a basis set of block A, |b;) is a basis set of environment
block B, both with Hilbert space dimension m and |o;) is a basis set of new site block with NV
local new sites with Hilbert space dimension m,, the basis set of the new system block (new

/

environment block) formed with old block A (B) and new site block is the product state

= lai) |oi) (

b;> = |b;) |o;)) with Hilbert space dimension mgs = me = mm,-.

The dimension of the superblock is m?m?,. The wavefunction of the superblock, [1)), is

expressed as a linear combination of the product states of the system and environment blocks:
) = eijlai) b)), (2.3.1)
(]

where |a;) and [b}) represent the basis states of the system and environment blocks, respectively.

Before increasing the block size by adding a new site, it is necessary to truncate the Hilbert
space of the newly formed system and environment blocks. To minimize the effect of discon-
nected blocks on the lattice, as encountered in the RG method, these blocks are represented
in the eigenspace of the density matrix. The truncation is performed in the eigenvector space

corresponding to the density matrix of the block.

The density matrix for the system block is obtained by tracing out the environment’s degrees

of freedom:

p = Trp(jv)()
po= > cijchylai){ail
i’ j

(@lolay) = 3 eyl (23.2)

J
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The expectation value of any operator A of system block can be written as:

WAy = ) cijcyylai| Ala)
i’ j
= > (allplaj)(ay|Alaj)

= ) (ailpAlaj)

= TrpA. (2.3.3)

The density matrix p can be diagonalized to have mg eigenstates |«;) with real and positive

eigenvalues «;.
ms
p = Z a; o) (el , (2.3.4)
i=1
where )" a; = 1. The expectation value of any operator A can be written as:

(WlAJ) = TrpA =" o (il A o) (2.3.5)

=1

If we keep ns most probable eigenvectors with largest eigenvalues out of total mg eigenvec-
tors, then the truncated expectation value can be expressed as a sum over only those ng states

as:

<¢|A’w>trunc = Z (67} <Oéz’ A ‘041> (2.3.6)
=1

The error for (1| A |1) in this approximation is

ms

W AW = WA e = Y ciloil Alas) (2.3.7)

1=ns+1

This error is minimized when the eigenvalues of the density matrix decay exponentially fast,
ensuring that the neglected states in Eq. 2.3.6 have a negligible contribution to the expectation
value <w\fl\w) in Eq. 2.3.3. This truncation is performed after each step in the systematic
growth of the system block.

2.3.2 DMRG for a 1D Linear Chain

The DMRG algorithm comprises two main variants: the infinite-size and finite-size algorithms.
The infinite-size algorithm starts with a small system and iteratively adds sites until the desired
size is reached. The finite-size algorithm then optimizes the system by sweeping back and forth,

refining the basis at each step.
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Figure 2.1: Infinite DMRG steps. It starts with superblock of four sites as shown in (a).
The renormalized system (left or right) block of one site are shown inside the square in solid blue
line and the magenta square made of dashed line containing left block and new site represents
the new left block for the next step (b) as shown by the magenta arrow. At each step, the
superblock size grows. In (c) the targeted system size is shown.

2.3.2.1 Infinite DMRG Algorithm

Let’s consider a 1D system with open boundary condition (OBC). The steps of the infinite
DMRG algorithm are systematically discussed below.

1. We start with a small system of four sites (Fig. 2.1) that consists of four blocks containing
one site each - (from left) left block (system block) A, left new block a and right new
block b, and the right block (environment block) B. The full system constituted by these
four blocks is called the superblock. The initial step (a) in Fig. 2.1 depicts the initial
superblock of four sites by the squares made of black dashed line and the initial system
block and environment block are shown by the squares made of solid blue line at the left
and the right end of the 1D chain. The left new and right new blocks are shown by the

red cross.

2. The Hamiltonian of the superblock is constructed by combining the block Hamiltonians
and the interactions between the blocks. The system Hamiltonian can be written as direct

product of the constituent blocks as,
H=H,® H,® H,® Hp (2.3.8)
The resulting superblock matrix is then diagonalized to obtain the target state |1).
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3. The updated left block A’ for the next step is formed by combining the current left block
A with the single-site block on the left. As mentioned in the previous subsection 2.3.1, A’
has a Hilbert space dimension of ms; = mm,, where m, is the Hilbert space dimension
of the new-site block. Similarly, the updated right block B’ is constructed in the same

manner as A’. This process is illustrated in part (a) of Fig. 2.1.

4. The system block’s density matrix p is obtained from the target states of the superblock
as defined in Eq. (2.3.2). Diagonalizing this density matrix yields ms eigenstates. Out
of these, the ns; (< my) eigenstates with the largest eigenvalues are retained, while the
others are discarded. The system block space and associated operators are then mapped
onto the truncated density matrix space using a transformation matrix O, expressed as
G' = OGO'. The rows of O correspond to the eigenvectors of the density matrix, with ng

rows selected for the ng largest eigenvalues. As a result, the dimensions of O are ng X ms.

The operator GG can represent the Hamiltonian matrix H of size mgs x mg for the blocks
A’ or B’, or other operators acting on these blocks. The renormalized matrix H’ then has

a reduced dimension of ng X ng.

5. Next, the renormalized Hamiltonian matrices for A’ and B’ are treated as the left and
right blocks, respectively (A = A" and B = B’). This is illustrated in part (b) of Fig. 2.1,
where the square outlined with a solid blue line represents the updated blocks. The newly
constructed superblock is depicted by the black dashed line. The process then returns to

the 274 step, and the iteration is repeated until the target system size is reached.

2.3.2.2 Finite DMRG Algorithm

To get an optimized wave function and accurate system properties, we next perform finite
DMRG sweeps when the desired system size 2L+ 2 is reached using the infinite DMRG process,
where the left and right blocks are of equal size L. The system size remains fixed at 2L + 2
in the finite DMRG algorithm, instead the left (right) block size is increased (reduced) at each
step until the right block contains only one site. Then the right (left) block size is increased
(reduced) at each step, until the left and right blocks are of the same size again. Now, the right
(left) block size is increased (reduced) at each step until the left (right) block contains only one
site. Then the left (right) block size is increased (reduced) at each step, until the left and right
blocks are of the same size again. This describes one complete finite DMRG sweep.

The projection to the truncated space of the density matrix is carried out for the increasing
block. The Hamiltonian matrix or the operators for the shrinking block were stored during the
infinite DMRG iterations or previous steps of finite DMRG algorithm which are reused in the
finite DMRG. In this procedure, both the left and right block are embedded in the total system
of desired length which is required to overcome the errors appeared in case of RG technique.

The finite DMRG procedure is illustrated in the schematic Fig. 2.2, and summarized below:

1. We start with the diagonalized superblock Hamiltonian obtained at the end of the infinite
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Figure 2.2: Finite DMRG steps. It starts with left and right block of equal size and two
new site block of one sites as shown in (a). The renormalized system block is shown inside the
blue square made of solid line whereas the magenta square with dotted line represents the new
left block for the next step (b). The left/right block increases/decreases back and forth. At the
end of the sweep, left and right block are of equal size again as shown in (i). Several steps of a
finite dmrg sweeps are shown in (a) - (i).
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DMRG algorithm discussed above. This superblock has the left and right blocks of the

same size L, as shown in Fig. 2.2(a).

2. The left to right sweep starts with adding one new site to the left block L+1, and removing
one site from the right block L —1 to keep the total superblock or system size 2L + 2 fixed,
as shown in Fig. 2.2(b). The diagonalization of the superblock gives the target state [¢).

3. The target state [¢)) is used to compute the density matrix p of the system block via
Eq. (2.3.2). The density matrix is then diagonalized, and the eigenstates corresponding
to the largest eigenvalues are retained as the most significant states. As in the infinite
DMRG approach, the left block and its operators are renormalized using the truncated
set of eigenstates of the density matrix. Meanwhile, the Hamiltonian and operators for
the right block are retrieved from the saved data generated during the infinite DMRG

process.

4. Let’s assume that the minimum length of each block is 1. Through repeated iterations,
the size of the left block gradually increases until it reaches the maximum length of 2L —1,
while the right block maintains the minimum length of 1. In this manner, the process

eventually extends to an open end of the system, as illustrated in Fig. 2.2(c).

5. Once, the right block size is 1, the same process is followed in the opposite direction, i.e.,
the right (left) block is grown (reduced) by one site in each step until the left block is

reduced to one single site as shown in Fig. 2.2 (d-g).

6. Once the left block size is 1, we again start growing the left block by one site and remove
sites from the right block by one site until the left and the right block have the same size
L as shown in Fig. 2.2(i).

This whole process is referred to as one finite DMRG sweep. The sweeps are repeated until
accuracy up to a desired precision is reached. 5 - 10 finite DMRG sweeps are generally adequate
to thermalize the 1D system.

In this thesis, we apply the conventional DMRG algorithm to 1D systems with open bound-
ary conditions (OBC). Additionally, we employ a modified DMRG method for systems with
periodic boundary conditions (PBC) [72] to mitigate the strong finite size effects at the edges.
We also utilize a hybrid ED/DMRG method [299] to compute the thermodynamic properties

of 1D systems. These algorithms are described in subsections 2.3.3 and 2.3.4, respectively.

2.3.3 DMRG algorithm for PBC

While conventional DMRG applied to OBC provides excellent accuracy, achieving similar preci-
sion with PBC is highly sought after in quantum many-body problems. This is because systems
with OBC exhibit significant finite size effects at the edges, which can be alleviated by using
PBC. Moreover, in contrast to OBC, when PBC is applied, several symmetry operators com-

mute with the system’s Hamiltonian, allowing the Hamiltonian matrix to be represented in
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block diagonal form. As a result, the matrix size is reduced, which lessens the computational
effort.

If the conventional DMRG method for a 1D system with open boundary conditions (OBC)
requires ngy most probable eigenvectors of the density matrix to form the truncated space for

achieving the desired accuracy, the same method with periodic boundary conditions (PBC)

2

requires O(nz) eigenvectors [322]. Consequently, the computational cost for sparse matrix

diagonalization in the case of OBC scales as O(n2), while for PBC, the cost scales as O(n9)

[366]. This is one of the reasons for the large errors encountered in conventional DMRG with
PBC.

Additionally, it is important to note that a 1D system with periodic boundary conditions
(PBC) connects the left and right ends with a long bond. The error in operators that produce
off-diagonal elements, such as spin raising and lowering operators in spin models and annihilation
and creation operators in fermionic models, increases with a higher number of renormalizations.
The interaction between distant sites compromises the sparsity of the matrix, leading to a high
numerical cost for dense matrix diagonalization, scaling as O(n?).

For the efficient application of DMRG to systems with periodic boundary conditions (PBC),
we utilize a modified DMRG algorithm [72]. This approach avoids the repeated renormalization
of operators and delivers results without compromising accuracy. The details of the algorithm

are discussed below.

1. The algorithm starts with a superblock of small size, i.e., one left block, one right block

and two new site blocks as shown in Fig. 2.3 (a).

2. The target state |¢)) is obtained from the diagonalization of the superblock. The new
system (environment) block is formed by combining the left (right) block with the two-
site block. The density matrix p of the new system block is calculated using Eq. (2.3.2).

3. The block Hamiltonian and operators are projected onto the truncated basis formed by

the ns dominant states of p with the largest eigenvalues.

4. Next, the two-site blocks are appended to the renormalized system and environment
blocks, as illustrated in Fig. 2.3(b), and the superblock Hamiltonian is constructed. This

process is then repeated from the second step until the desired superblock size is achieved.

Thus it is clear that the strategy of adding new site block in this modified algorithm avoids
the long bond that occurs in the conventional DMRG method with PBC. The blocks and

operators in this method are renormalized once which diminish the error in the calculation.

2.3.4 Finite temperature calculation: Hybrid ED/DMRG

The hybrid ED?DMRG technique provides an effective framework for investigating the ther-
modynamic properties of one-dimensional spin and fermionic chains. In this approach, the

high-temperature (7") regime is typically handled through ED on small system sizes, ensuring
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Figure 2.3: DMRG steps for PBC: At each step, two new blocks of N = 2 sites are added,
as shown in (a). The renormalized left and right blocks are depicted inside the squares with
solid blue lines. The red squares with solid lines represent the new site blocks. The magenta
square with dashed lines indicates the new left block, which is formed by combining the old left
block and the two new blocks. The new right block is the reflection of the new left block. These
become the left and right blocks for the next step (b), as indicated by the magenta arrow. The
black squares with solid lines represent the superblock at each step. In (c), the targeted system
size is displayed.
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an accurate description of the system’s behavior at elevated temperatures. As the temperature
decreases, DMRG is employed to compute low-energy excitations for progressively larger system
sizes. By constructing partition functions from a limited number of states, this method enables
an accurate description of low-temperature thermodynamics.

A key advantage of the hybrid ED/DMRG technique [299] is its ability to capture thermo-
dynamic properties across a broad temperature range without requiring knowledge of the full
excitation spectrum for large systems. Instead, DMRG is specifically optimized to extract low-
energy states, extending its applicability beyond ground-state computations. This approach has
been successfully utilized in the study of various one-dimensional spin systems [295, 299, 300]
as well as fermionic models [302].

This thesis focuses on a Spin—% model consisting of N spins indexed by «, leading to a total
of 2V possible states. The thermodynamic properties of the system are determined using the

canonical partition function:

Q(T,a,N) = _exp(~BEj(e, N)), (2.3.9)
J

where § = kB%T, kp is the Boltzmann constant, and the energy spectrum {FE(a, N)} contains
2NV states for each . The energy levels relative to the ground state are denoted as Ej(a,N).
We employ the efficient DMRG algorithm for periodic boundary conditions (PBC), as dis-
cussed in Section 2.3.3. Since the model incorporates second-neighbor interactions, we introduce
blocks of two sites to eliminate interaction terms between pre-existing blocks. Each infinite
DMRG step increases the block size by four sites.

Infinite DMRG is applied to construct systems with N = 4n spins. Subsequently, 5-10
sweeps of finite DMRG are performed. In most simulations, we retain m = 400 eigenvectors
corresponding to the highest eigenvalues of the system block density matrix. The superblock
Hamiltonian thus has a dimension of m?2%.

The hybrid method allows for thermodynamic calculations without requiring the full energy
spectrum {E(co, N)}. The DMRG approach prioritizes low-energy states E;(«, N), which are
significant at low temperatures. The DMRG partition function, considering [ states of the

superblock Hamiltonian, is given by:

l
QuT,N) = exp(=BE;(N)). (2.3.10)
j=1

To enhance spectral accuracy, we construct system block density matrices p;(IN) for the I

levels at system size N and define an effective density matrix p'(8’,1, N):

Yy exp(—B'E;(N))
Ql(Ta N)

For | = 1, the effective density matrix simplifies to p’(5’,1) = p1, representing the ground

p(B1LN) = (2.3.11)

state. Contributions for [ > 1 depend on the effective inverse temperature 5'. We set 5/ = 10 (in

36



Chapter 2. Numerical Methods

units of 1/[.J1]), as the relevant temperature range is 7' ~ 0.1. Minor variations of 5’ (10-20%) do
not significantly affect spectral accuracy. The effective density matrix plays a crucial role when
low-lying excitations are closely spaced. The system block Hamiltonian and all operators are
renormalized using p/(/, [, N) to obtain the model Hamiltonian’s energy spectrum at system size
N. Initially, we take Il = 5 or 10 to accurately determine the lowest excitations. A subsequent
calculation is performed for [ > 100. The entire spectrum experiences a uniform shift due to
the inclusion of many excited states, necessitating an adjustment to align the lowest excitations
with the initial calculation.

The partition function Q(7', &, N') in Eq. (2.3.9) is truncated using an energy cutoff E;(a, N) <
We(N). The cutoff W (N) is selected to ensure the convergence of the maxima of S.(T, N)/T
and x.(T, N), where S(T, N) is the entropy per spin and x(7', N) is the magnetic susceptibility
per spin.

To reach the thermodynamic limit at system size N, we incrementally increase the cutoff
energy We (V) until the maximum of S¢(7, N)/T at T'(N) is fully or nearly converged, typically
requiring ~ 103 states. Extrapolation techniques are crucial for achieving the thermodynamic
limit from finite system calculations. For quantities such as susceptibility x(7') and specific heat
S"(T') = C(T)/T, finite-temperature DMRG results are extrapolated using data from different

system sizes.

2.4 Conclusion

This chapter has outlined the numerical methods employed in this thesis, specifically exact
diagonalization and density matrix renormalization group (DMRG) techniques, which have

been utilized in the analysis of various problems presented herein.
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Chapter 3

Spin Peierls transition of J; — J; and extended

models with ferromagnetic J;.

3.1 Introduction

The one-dimensional Ji-Jo spin chain, described by Eq. 3.1.1 with § = 0, consists of spin—% mo-
ments interacting via nearest-neighbor (J;) and next-nearest-neighbor (.J2) isotropic exchange
couplings. The system has a single spin per unit cell. When the next-nearest-neighbor coupling
is antiferromagnetic (J2 > 0), the model exhibits frustration for both ferromagnetic and antifer-
romagnetic values of J;. The degree of frustration is commonly expressed by the dimensionless
ratio aw = Jo/|J1| > 0.

Early studies of the J; > 0 sector at zero temperature (7' = 0) revealed rich quantum
behavior, including a critical point at o, =~ 0.2411 that separates the gapless Heisenberg anti-
ferromagnetic (HAF) phase at « = 0 from a gapped dimerized phase known as the Majumdar-
Ghosh point at v = 1/2 [228, 254]. This transition has been extensively investigated using both
field-theoretical and numerical approaches [2, 55, 82, 195, 212, 306, 331, 335].

In the presence of an external magnetic field or additional interactions such as anisotropic
or antisymmetric exchange, the J1-J2 model gives rise to a variety of unconventional quantum
phases. These include vector chiral, multipolar, and spin-nematic phases [57, 74, 103, 104,
140, 148, 332]. Despite extensive efforts, exact thermodynamic results are available only in the
unfrustrated limit where Jy = 0 [169].

The thermodynamic behavior of quasi-one-dimensional magnetic materials has been shown
to correlate closely, and in certain cases even semi-quantitatively, with the predictions of the
J1—J2 spin chain model, irrespective of the sign of Jp, as discussed by Hase et al. [135]. This
thesis primarily focuses on systems exhibiting ferromagnetic nearest-neighbor exchange interac-
tions and their corresponding thermodynamic properties. A number of cupric oxide compounds
containing spin-1/2 Cu(II) chains with ferromagnetic J; < 0 interactions have been experimen-
tally realized. The frustration ratio o = Ja/|Ji| for these materials spans a wide range. For
example, compounds such as BagCuslngsO;2 and BagCuzSc4O12 are reported to have nearly van-
ishing « values [80, 202], while others like (NoH5)CuCls [226], LiCugO2 [263], LiCuSbO, [81],
LiCuVOy [243], and RbaCusMo3O19 [135, 402] exhibit moderate frustration with a = 0.5. In
these systems, the magnetic moment originates from the unpaired electron residing in the Cu?*

3dg2_,2 orbital, which is strongly hybridized with the bridging 02~ ions. Although these chains

39



Chapter 3. Spin Peierls transition of J1 — Jo and extended models with ferromagnetic Ji.

are effectively one-dimensional at high temperatures, interchain couplings and additional in-
teractions tend to become increasingly relevant as the temperature decreases, often leading to
long-range magnetic order or other collective phenomena that lie beyond the scope of idealized
1D models.

The J1—J2 Heisenberg spin chain is composed of uniformly spaced lattice sites, as illustrated
schematically in Fig. 3.1(a). When the system is coupled to lattice degrees of freedom, it
becomes susceptible to a spin-Peierls (SP) distortion. Below the transition temperature Tsp,
the chain undergoes spontaneous dimerization, leading to alternating exchange couplings of the
form J;(1+6), as depicted in Fig. 3.1(b). The distortion parameter §(7") increases progressively
as the temperature is lowered, reaching its maximum at absolute zero. Within the mean-field
approximation, the spin excitation gap A((T")) that develops in this dimerized phase exhibits
behavior analogous to the energy gap in BCS superconductors, as described in Ref. [161].

In this chapter,! we examine the spin-Peierls (SP) transition in the context of the ferromag-
netic J1—J9 spin chain, a scenario that exhibits notable differences from its antiferromagnetic
counterpart and has received limited attention in previous studies.

The model with J; < 0 exhibits two distinct SP transitions, depending on the frustration
ratio o = Jy/|.J1|. For intermediate frustration values around a ~ 0.5, the system undergoes
a conventional dimerization of the chain at low temperatures (7' < Tsp). However, for larger
values of «, approximately o ~ 1, the nature of the transition changes. In this regime, the
system favors sublattice dimerization, as illustrated in Fig. 3.1(c), characterized by alternating
second-neighbor couplings Jo(1 £ §). This pattern leads to a four-site unit cell and results in
four degenerate ground states.

The mechanism behind sublattice dimerization becomes particularly transparent for o > 1,
where the ferromagnetic J1—Jo model effectively decouples into weakly interacting antiferromag-
netic chains defined on the even and odd sublattices. A detailed discussion of the instability
towards sublattice dimerization is provided in Section 3.2.

The spin Hamiltonian for the ferromagnetic J1—J2 chain, incorporating periodic boundary

conditions, takes the form

H(a,0)=> —(1=08(=1)") 8, Spp1 +a S, Srpa, (3.1.1)
T
where a = J5 denotes the next-nearest-neighbor exchange interaction, and the nearest-neighbor
coupling |.J1| is chosen as the energy scale, i.e., |J;| = 1. The parameter § introduces dimeriza-
tion in the chain geometry, as illustrated in Fig. 3.1(b).
In the absence of dimerization (§ = 0), the model reduces to the well-known uniform J;—Jo
chain with inversion symmetry about the lattice sites and a single spin—% per unit cell. For this

case, H(a,0) exhibits a ferromagnetic ground state up to the critical frustration ratio a, = 1/4,

!The work reported here is based on the paper “Spin Peierls transition of J; — Jo and extended models
with ferromagnetic Ji: Sublattice dimerization and thermodynamics of zigzag chains in 5-TeVO4”, by Manodip
Routh, Sudip Kumar Saha, Manoranjan Kumar, Zoltdn G. Soos in Phys. Rev. B 105 (23), 235109 (2022).
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as exactly determined in Ref. [130]. Beyond this critical point (o > «.), the ground state
transitions into a singlet state with total spin S = 0—the regime of primary interest in this

chapter.

Field-theoretical analyses distinguish between two regimes: gapless phases with nondegen-
erate ground states and gapped phases featuring a twofold ground state degeneracy [9]. In the
frustrated regime o > a., the system enters an incommensurate (IC) phase characterized by a
finite energy gap. Although this singlet-triplet excitation gap A(«) is exponentially small [159],

recent numerical studies have constrained it to be less than 1073 [4].

At stronger frustration, specifically for av > 0.80, the system exhibits a decoupled phase [195,
335], which becomes gapless and effectively reduces to two antiferromagnetic Heisenberg chains
(HAFs) on separate sublattices as J; — 0. Notably, the spin—% HAF chain—corresponding to
the special case a = § = 0 in Eq. 3.1.1 with J; > 0—is one of the most thoroughly understood

quantum spin models.

The J1—J5 spin model has found significant application in the study of quasi-one-dimensional
(quasi-1D) magnetic systems, particularly those with a crystal structure comprising chains with
two magnetic ions per unit cell and lacking inversion symmetry at lattice sites, even before
accounting for spin-lattice interactions. An extension of this model, illustrated in Fig. 3.1(d),
incorporates asymmetry in the nearest-neighbor exchange interactions. This is achieved by
introducing a parameter -, leading to exchange couplings of the form Ji(1 £ ) for left and
right neighbors, respectively. The resulting Hamiltonian H («,7y), which replaces the parameter
0 in Eq. 3.1.1 with ~, describes a system of reduced symmetry, explicitly breaking site-centered
inversion. Within this framework, the SP transition leads to a sublattice dimerization pattern
characterized by a four-site unit cell. Such a dimerized phase, depicted in Figs. 3.1(c) and 3.1(d),
emerges near a ~ 1 for both the conventional Ji—Jo model and its asymmetric extension. At
temperatures above the SP transition temperature (7' > Tgp), the thermodynamic behavior of

the extended model is effectively captured by Eq. 3.1.1, with the substitution § = ~.

The J1—J2 and extended models represent strongly correlated spin systems characterized by
frustration a. Their ground-state (7" = 0) properties have been extensively studied using a vari-
ety of analytical and numerical techniques. In contrast, significantly fewer methods are available
for exploring their thermodynamic behavior, particularly in the low-temperature regime. For
instance, Quantum Monte Carlo methods are not suitable for frustrated systems due to the
sign problem. In this work, we compute the thermodynamic limit using a combination of exact
diagonalization (ED) up to finite system sizes N, followed by density matrix renormalization
group (DMRG) calculations for progressively larger systems, as described in Section 3.3 and
previously reported in Ref. [299]. The antiferromagnetic J;—J2 model has been investigated
using the transfer matrix renormalization group (TMRG) method [225] as well as temperature-
dependent DMRG techniques [95]. These studies report the magnetic susceptibility x(7') and
specific heat C'(T") down to temperatures of T'/J; = 0.05, with noticeable discrepancies emerg-
ing below T'/J; = 0.10. Our recent work [301] demonstrated that the combined ED/DMRG
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Figure 3.1: (a)—(c) Hlustrations of the J;—Js spin chain as described by Eq. 3.1.1, highlighting
different dimerization patterns. The exchange interactions vary as (1 +¢) or (1 — ¢) depending
on whether the associated bond length is shortened or elongated. (a) Uniform chain with evenly
spaced spin sites and constant J; and Jo couplings. (b) Dimerized configuration with alternating
nearest-neighbor couplings Ji(1 £ §), while next-nearest-neighbor J; remains unchanged. (c)
Sublattice dimerization applied to the Js bonds, producing an alternating J(1 + §) pattern.
(d), (e) Schematics of the extended J;—Jo model incorporating sublattice dimerization with
two geometries: (d) collinear and (e) zigzag. In both cases, every other nearest-neighbor bond
maintains Ji(1 4 «y), while the alternating bond strength follows J1(1 — v £ 9). The zigzag
structure reduces to a ladder geometry for 6 = 0, with leg couplings Jo and rung couplings
alternating as Ji(1 £ 7).

approach provides accurate thermodynamic quantities down to 7'/ J; ~ 0.02 for the J;—J; model
with antiferromagnetic J; > 0. Nevertheless, all existing approaches remain subject to further

refinement and development.

Among the most extensively studied spin-Peierls (SP) systems with J; > 0 are the inorganic
compound CuGeQs [131, 133], characterized by o = 0.35 and investigated thoroughly during the
1990s, and the organic molecular crystal TTF-CuS4C4(CF3)4 [161], modeled earlier with ov = 0
corresponding to the Heisenberg antiferromagnet (HAF). Quantitative modeling of the magnetic
susceptibility x(7') for both systems above the SP transition temperature (T' > Tsp) has been
successfully performed using correlated spin states [90, 161]. The availability of large, high-
quality CuGeOs crystals enabled inelastic neutron scattering experiments [223, 231, 245, 284],

which exposed the shortcomings of mean-field approaches in describing the low-temperature
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phase (T' < Tsp). Notably, the temperature dependence of the spin gap deviates from pre-
dictions of the BCS gap function, a discrepancy that remains unresolved in Uchinokura’s 2002
review [363]. The SP transition and x(7") behavior have been investigated using transfer-matrix
renormalization group (TMRG) techniques [186] as well as exact diagonalization/density ma-
trix renormalization group (ED/DMRG) methods [300], with a comparative discussion provided
later in the manuscript. Correlated spin states [300] have been shown to reproduce the inelas-
tic neutron data and successfully model both the specific heat anomaly and x(7") in CuGeOs.
Moreover, they yield a self-consistent spin gap for the HAF, whose thermal evolution differs
from the BCS form.

The magnetic behavior of S-TeVO4 has attracted considerable attention over the past
decade. [273, 312, 314, 372] This compound presents a number of unique characteristics as
a quasi-one-dimensional (quasi-1D) material. Its crystallographic structure [312] reveals spin-
1/2 zigzag chains running along the ¢ axis within the be plane, as schematically illustrated in
Fig. 3.1(e). Experimental studies have reported three magnetic phase transitions occurring be-
low 10 K, [273, 312, 372] often interpreted within the framework of the 7' = 0 phase diagram of
the ferromagnetic J;—J> model, which is typically applied to the system’s paramagnetic regime.
The magnetically active electron resides in the V4* 3dyy orbital, [185, 310] whose lobes are
oriented approximately at +7/4 with respect to the bridging 0%~ jons. Experimental mea-
surements of the molar spin susceptibility x(7") and the spin contribution to the specific heat
C(T) have been modeled [273, 312, 313, 372] using slightly differing estimates for the exchange
constant Jy, with the frustration parameter a ranging from approximately 0.77 to 1. Notably,
the transition at 4.6 K to an antiferromagnetic phase has yet to be quantitatively described
within existing models. All three observed transitions have been qualitatively linked to a com-
bination of ferromagnetic and antiferromagnetic exchange interactions between spins located
on adjacent chains. [273, 312, 372] However, as discussed below, our analysis indicates that
the ferromagnetic J1—Jo model fails to capture the low-temperature magnetic properties, which

instead suggest a gapped excitation spectrum.

The extended model, described by Eq. 3.1.1 with the substitution v for §, features two
spins per unit cell and exhibits a finite singlet—triplet energy gap, A(«, ) > 0, which increases
monotonically with v. The ground state remains a nondegenerate singlet. This extended
J1—Jo formulation offers a controlled framework for investigating gapped spin chains. We have
calculated the thermodynamic properties of the one-dimensional Hamiltonian H(«,~y) with
quantitative accuracy for temperatures 7' > 0.03|J;|. The parameter choices for a and v are
guided by relevance to the material 5-TeVO,4. A combined thermodynamic analysis indicates

that H (o, ~y) with v & 0.15 serves as a reasonable first approximation for modeling 5-TeVOy.

It is important to differentiate between idealized one-dimensional spin models, such as
Eq. 3.1.1, which assume rigid linear chains, and real quasi-one-dimensional materials. Mod-
els incorporating isotropic exchange and uniform spacing between spins are of fundamental

theoretical interest, especially since isotropic exchange typically dominates the thermodynamic
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response. Nevertheless, Eq. 3.1.1 is inherently approximate and incomplete—not only due to
the exclusion of interchain coupling and spin-lattice interactions, but also because it overlooks
anisotropies introduced by spin—orbit coupling. These anisotropies manifest through modifica-
tions to the isotropic exchange and result in nontrivial g-tensors in external magnetic fields.
Furthermore, dipolar interactions among electronic spins and hyperfine couplings with nuclear
spins are also neglected. Although these terms are weak, they can play a significant role at low
temperatures, both within and between chains.

This distinction between theoretical models and real materials is particularly pronounced
in the case of $-TeVO,4. The conventional Ji—Js model assumes a single spin per unit cell
and inversion symmetry at lattice sites. In contrast, 5-TeVO, possesses a considerably lower
symmetry. [312] The structure contains two inequivalent zigzag chains, each with two spins per
unit cell. Notably, the inversion centers are not located on individual chains but lie between
them, effectively interchanging the two chains under inversion symmetry.

The structure of this chapter is as follows. In Section 3.2, we examine the instability of the
J1—J2 spin model within the singlet sector, where increasing the frustration parameter o induces
dimerization along chains or sublattices. For the extended model with v > 0, the onset of sub-
lattice dimerization occurs under specific conditions. Section 3.3 presents the thermodynamic
properties of the Hamiltonian H(c,y), highlighting the strong dependence of the magnetic sus-
ceptibility x (T, «, ) and specific heat C(T, a,7y) on 7 at low temperatures. In Section 3.4, we
model the spin-Peierls (SP) transition to a dimerized state using the conventional framework
of linear spin-phonon coupling and a harmonic lattice [340], contrasting the behavior of the
J1—J2 and extended models. Section 3.5 demonstrates that the thermodynamic response of the
extended J;—J2 model captures key features of 5-TeVO, in the paramagnetic regime, accurately
reproducing experimental x(7') and C(T') data down to 2 K—well below the transition at 4.6
K. Notably, the transition manifests as a pronounced anomaly in C(T") but produces only a

subtle feature in x (7). A concluding discussion is provided in Section 3.6.

3.2 Electronic Instability

Peierls first demonstrated that one-dimensional (1D) metals exhibit a ground-state instability.
For a fixed electronic bandwidth of 4t, a linear electron-phonon coupling induces a gap at the
Fermi wave vector kr in lattices characterized by harmonic potentials. A bond dimerization
of the form ¢(1 £ 0) reduces the ground-state energy of a half-filled band by opening a gap
at kp = +7/2. This electronic instability extends to correlated systems and to linear spin-
phonon interactions in Heisenberg antiferromagnetic (HAF) chains and other spin systems.
Modulations of exchange interactions that preserve the total values of J; and .J, are permitted.
Periodic boundary conditions are taken to represent a fixed system length or, equivalently, a
constant 1D volume per spin. The dimerization instability in the antiferromagnetic J;—Js model
has been extensively analyzed as a function of the frustration parameter «.

In contrast, the focus of this study lies in the instability of the ferromagnetic J1—J2 model
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within the singlet sector for @ > o, = 1/4. At large «, where second-neighbor exchange dom-
inates, the system favors sublattice dimerization, while at intermediate «, chain dimerization
becomes energetically favorable. The corresponding electronic stabilization is evaluated using
the Hamiltonian H (v, ) [Eq. 3.1.1], with exchange modulations depicted in Fig. 3.1(b) for chain
dimerization and in Fig. 3.1(c) for sublattice dimerization.

Linear spin-phonon coupling modifies the exchange interaction by enhancing it in shortened
bonds [J(1 + 0)] and reducing it in lengthened bonds [J(1 — ¢)], with the total exchange con-
served independently for first- and second-neighbor interactions. The ground state of H(«, d) is
computed in the thermodynamic limit through exact diagonalization (ED) and density matrix
renormalization group (DMRG) techniques applied to finite-size systems with periodic bound-
ary conditions. The stabilization energy per spin due to chain dimerization in the J;—J> model
is defined as

AE®DN (o, §) = Ey(a, ) — Eo(a, 0), (3.2.1)

where Ejy denotes the ground-state energy per spin.

The sublattice dimerization depicted in Fig. 3.1(c) results in an alternating next-nearest-
neighbor exchange interaction given by Jo = «(1 £ §), while the nearest-neighbor couplings
are fixed at J; = —1 for every left or right neighbor and alternate as —(1 £ §) for the other.
The Hamiltonian for the sublattice-dimerized J1—J5 spin model in the absence of explicit bond

alternation (v = 0) is expressed as

Hg(a,v,0) = Z - [1 —y(=1)" = d cos (%)} S-S

r

+a [1 + V26 sin <7T(2r4_1))] S, Spyo, (3.2.2)

where 5’} denotes the spin—% operator at site r. Sublattice dimerization in the extended model
includes a nonzero alternation parameter v > 0. To assess the energetic gain due to sublattice
dimerization, we evaluate the Hamiltonian Hg(«,0,d) on finite chains with periodic boundary

conditions. The corresponding stabilization energy is defined as
AE"P(0,0,6) = Eg(a,0,6) — Es(a, 0,0), (3.2.3)

where Eg denotes the ground-state energy per site.

Each spin undergoes a displacement of £¢§ under either chain or sublattice dimerization.
While the associated elastic energies are equivalent within the Einstein phonon model, this
equivalence breaks down under more realistic phonon treatments. In a one-dimensional ap-
proximation, the optical phonon mode linked to chain dimerization exhibits a higher fre-
quency—indicative of a stiffer lattice—compared to the ¢ = w/4 mode characteristic of sublat-
tice dimerization. FEvaluating the electronic stabilization energy at fixed § provides a qualitative
measure of the energetically favored structural distortion.

We analyze the electronic stabilization energies from Eqs. 3.2.1 and 3.2.3 for o« = 0.55 and

45



Chapter 3. Spin Peierls transition of J1 — Jo and extended models with ferromagnetic Ji.

0.65, as shown in the left and right panels of Fig. 3.2, employing ED for N = 24 and DMRG
calculations for N = 32 and 48. For o > 0.65, sublattice dimerization yields a greater reduction
in energy, indicating its enhanced stability well before reaching the point where Jo = —Jj.
Specifically, increasing a from 0.55 to 0.65 leads to an 8% increase in AEa™ at § = 0.1,
N = 48, whereas AFES"? decreases by 25%. This highlights a rapidly growing preference for

sublattice dimerization as « increases.
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W 0= 0.55 ™ o =0.65
2 L \\\ \\\\\\ i
- N DR
= N N
=5 -0.02 s \\\\\ 4-0.02
N—’ \ \
K Chain L Chain N\
L —N=24 N | [— N =24 N
z |- R Ny =32 N
S -0.04+ 48 48 Y -0-04
=5 Sublattice Sublattice N
S |[--N=24 -- N =24 \
H - 32 - 32
48 48
| ! | | | ! | |
-0-06 00 02 03 040 01 02 03 0%

o d

Figure 3.2: Ground state energy per site for the ferromagnetic Ji—J2 spin chain consisting
of N sites, evaluated for frustration parameters @ = 0.55 and 0.65. The solid lines represent
results obtained using Eq. 3.2.1, incorporating a dimerized chain structure with nearest-neighbor
couplings of the form —(1 4+ ) and uniform next-nearest-neighbor couplings «. Dashed lines
correspond to Eq. 3.2.3, applied in the case of sublattice dimerization with v = 0, where the
next-nearest-neighbor interactions are modulated as «(1 £ ¢§), and nearest-neighbor couplings
alternate between —1 and —(1 £ 9).

Previous studies on SP systems with J; > 0 have shown that they are inherently unstable
toward chain dimerization. In contrast, the ferromagnetic J;-.J2 model exhibits chain dimeriza-
tion within the range o, = 1/4 to 0.55, and supports sublattice dimerization for o > 0.65. The
exact phase boundary is not determined here, as it also depends on the specific lattice geometry.
Sublattice dimerization involves four spins per unit cell and remains relevant in the extended
Hamiltonian H(c,y), where v > 0 replaces ¢ in Eq. 3.1.1, resulting in a system with two spins
per unit cell. Without loss of generality, we consider J; = —(1 £ «) for interactions with the
left and right neighboring spins. Sublattice dimerization preserves the interaction strength with
one neighbor (J; = —(1 4 +)), while introducing a modulation for the other. Numerical results
for finite chains show that the ground state energy corresponding to a constant J; = —(1 4 7)
and an alternating interaction J; = —(1 —~ £ ) is lower than the energy for the reversed case,
where J; = —(1 — 7) remains unchanged and the alternation occurs in J; = —(1 4+ v £ ), as
described in Eq. 3.2.2.

The zigzag chain or two-rail ladder shown in Fig. 3.1(e) consists of rails with exchange
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coupling Jy and rungs with exchange J;. The arrows represent sublattice dimerization, which
introduces alternating interactions of the form a(1 + ) along the rails. In the extended model,
parallel arrows at neighboring sites still yield J; = —(1 + ) on alternating rungs. On the
remaining rungs, the J; values deviate from —(1 — v 4+ §) due to geometrical factors, as the
corresponding antiparallel arrows are not aligned along the rungs. However, such details may be
premature at this stage, given that exchange interactions are influenced not only by interatomic
distances but also by the specific orbital pathways involved.

All subsequent calculations are carried out on systems exhibiting collinear sublattice dimer-
ization. When v = 0, Eq. 3.2.2 describes the J;—Jo model depicted in Fig. 3.1(c), where every
alternate bond has a fixed interaction strength J; = —1, and the remaining .J; couplings are
modulated as —(1 = ). The extended model shown in Fig. 3.1(d) corresponds to v > 0 in
Eq. 3.2.2, where the unmodulated J; remains at —(1 4 «), while the modulated interactions
become —(1 — v £ §).

As previously noted, the singlet—triplet excitation gap A(«,y) increases with v in the ex-
tended model. In contrast, the gap A(«a) in the ferromagnetic J;—Jo model vanishes in the
decoupled phase and becomes exponentially small in the incommensurate (IC) phase. A finite
A(c,y) enables a conditional spin-Peierls (SP) transition to a dimerized sublattice phase. The
SP instability is governed by the electronic force constant, represented by the curvature of the

ground state energy per site:

(3.2.4)

Byl = (P |

06?

Here, Eg(a,~,0) denotes the ground state energy per site corresponding to Eq. 3.2.2. It
reduces to the J1—Jo model for v = 0, and to the extended model when v > 0. The curvature is
negative because Ey(a,,0) attains a maximum at § = 0. The instability is termed conditional
if E{j(c, 7, N) remains finite in the thermodynamic limit. Table 3.1 presents the size dependence
of this curvature for system sizes up to N = 64, evaluated at o = 0.75 and 1, and for v = 0
and 0.15. Since numerical derivatives are computed from small energy differences, accurate
values of Ey(a,7,d, N) are required. For v > 0, the curvature values show convergence with
increasing system size, while for v = 0, they grow steadily with N, which is consistent with
expectations. A much larger N would be needed to investigate A(a) within the IC phase. To
a leading approximation, the curvatures in Table 3.1 scale proportionally with «, reflecting the

antiferromagnetic exchange between neighboring spins within a sublattice.

Table 3.1: Size dependence of the curvature E”(«,~) in Eq. 3.2.4 of chains with a; = 0.75,
ag = 1.0, N spins, and 7, =0, 72 = 0.15 in Eq. 3.1.1 with § = ~.

N | E"(a1,m) | E"(o1,72) | E"(a2,m) | E"(a2,72)
24 -1.511 -1.324 -2.103 -1.968
32 -1.976 -1.498 -2.704 -2.278
48 -2.940 -1.501 -3.877 -2.298
64 -4.085 -1.504 -5.126 -2.304
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In summary, Section 3.2 discusses sublattice dimerization as the SP instability occurring in
the ferromagnetic J;1-J2 model for a > 0.65. The corresponding spin Hamiltonian is denoted as
Hg(a,7,9) in Eq. 3.2.2, where v = 0 represents the Ji-J2 model, and v > 0 refers to its extended
version. The parameter § takes the value zero in the paramagnetic phase at temperatures above
Tsp, and becomes nonzero when sublattice dimerization sets in. The SP instability is found
to be unconditional in the Ji-J5 model, whereas it is conditional in the extended model. The
low-temperature thermodynamic properties of Hg(a,7,0) are analyzed in Section 3.3, and the

SP transition to the dimerized sublattice phase in both models is presented in Section 3.4.

3.3 Thermodynamics

Spin chains with isotropic exchange interactions possess a total of 2V spin states for a system
of size N. In such systems, both the total spin S < N/2 and its Zeeman projection S%
remain conserved quantities. We investigate the low-temperature thermodynamic behavior of
the Hamiltonian Hg(c,7y,0) for parameter regimes relevant to the paramagnetic phase of -
TeVOy.

ED provides the complete energy spectrum FE(a,7,N) for systems up to N = 24 when
v =0, and up to N = 20 for v > 0, where translational symmetry is reduced. For larger system
sizes, DMRG calculations are carried out using periodic boundary conditions and within fixed
S% sectors, following the methodology outlined in Ref. [299]. In the DMRG procedure, the
superblock consists of four new sites in addition to the left and right blocks. The dimension
of the corresponding superblock Hamiltonian is m? - 42, where m (typically 400) represents the
number of eigenvectors associated with the largest eigenvalues of the system block’s reduced
density matrix. The ground state with S = 0, denoted as E1(N), is taken as the reference
with zero energy. Excited states are indexed by j > 1 and have excitation energies E;(IN) > 0.
To accurately compute the low-lying excitations, we first perform a calculation targeting the
lowest [ = 5-10 eigenstates of the superblock. A second DMRG run is then performed targeting
a larger number of states, typically [ > 100 (commonly around 200). Due to contributions from
multiple excited states in the reduced density matrix, the resulting energy spectrum is uniformly
red-shifted. To correct for this, we apply a constant energy shift to the spectrum, and use the
results from the first DMRG calculation to obtain precise values for the lowest excitations.

We introduce an energy cutoff W (V) and construct the canonical partition function Q¢ (T, N)
by including all R(NN) states with energies E;(NN) < W(N). Using these R(N) states, we calcu-
late the entropy Sc(T, N), magnetic susceptibility xc (T, N), and other thermodynamic quan-
tities from Q¢ (7', N). The thermodynamic limit at system size N is approached by increasing
W (N) until the maximum of S¢(T, N)/T at temperature T'(N) becomes stable or nearly stable.
This typically occurs when R(N) ~ 103 states are included. At the maximum of S(T)/T, the
derivative S’(T,,) satisfies S"(T,,) = S(Tyn)/Tm. Therefore, convergence of the size at this max-
imum gives the thermodynamic limit of S/(T) at T'= T(N). Finite size effects are minimized

in a narrow temperature range around 7'(IN) before the truncation starts to affect the results.

48



Chapter 3. Spin Peierls transition of J1 — Jo and extended models with ferromagnetic Ji.

Table 3.2: Size dependence of T'(«,7y, N) of chains with ay = 0.75, ag = 1.0 and 71 = 0,
v9 = 0.15 in Eq. 3.2.2 with 6 = 0.

N | T(ar,m) | T(o,7y2) | T(o2,71) | T'(a2,72)
32 0.091 0.101 0.096 0.125
48 0.062 0.075 0.054 0.078
64 0.042 0.062 0.037 0.056
96 0.025 0.040 0.028 0.039

Table 3.2 shows the values of T'(N) for the specified o and « in Eq. 3.2.2, with 6 = 0.
Reliable thermodynamic results are obtained for 7' > 0.03 for system sizes up to N = 96. The
T'(N) points are closely spaced, and more data points can be generated if needed. Larger system
sizes, such as N ~ 200, can be reached with increased computational effort. The maximum
accessible system size is limited by the density of correlated states in the model. Although
extrapolation to lower T is feasible, it is generally not possible to reach T'= 0. For instance, in

the case of the HAF, there are known logarithmic corrections to x(7) [169].

Fig. 3.3 compares S(T,a,vy, N) at « = 0.75 for v = 0 and 0.15 in the left and right panels,
respectively. Solid and dashed lines represent ED and DMRG results, while the points corre-
spond to T'(N) up to N = 96 for v = 0 and N = 128 for v = 0.15. The thermodynamic limit is
estimated by interpolating between the T'(INV) points and ED data for small systems. A linear
extrapolation gives the v = 0 entropy S(7), o, 0) and a finite value of S’(T,«,0) = C(T, «,0)/T
at T' = 0; deviations from linearity at lower T" are likely due to the exponentially small A(a).
For v = 0.15, the system is clearly gapped, with S'(T) = 0 at T = 0 and reduced entropy

compared to the v = 0 case.

The size dependence of x(7', c,7y, N) is shown in Fig. 3.4 for a = 0.75 chains with v = 0
and 0.15. The logarithmic scale highlights the low T region. The susceptibilities overlap at
slightly higher T' than the temperatures T'(N) estimated from the entropy. In the left panel,
the thermodynamic limit of x (7, «,0) shows a maximum at 7T}, = 0.34, a minimum at lower
T, and increases again as T — 0, at least until T ~ A(«). In the right panel, the gapped
system with v = 0.15 shows increasing susceptibility up to a maximum. The convergence of
X(T,a,7v,N) at low T with increasing system size indicates that A(c,~y) reduces finite-size
effects for V ~ 100. The susceptibilities for v = 0 and 0.15 become equal for T" > 0.60 since
the total exchange is independent of 7. A larger A(«,y) leads to convergence at higher 7'

The thermodynamics of 8-TeVO,4 was previously studied using the Ji-J2 model and ED for
N < 20 spins. [273, 312, 372] Finite size effects appear in x(7") at T ~ 0.15 or T" ~ 6 K for
—J1 ~ 40 K. These effects become significant in Fig. 3.4 when T is below the singlet-triplet
gap corresponding to the system size N. The size dependence at v = 0.15, where the chain
is gapped, shows that results converge at N = 128 to x(T') for T' > 0.03, providing a good

approximation even down to T = 0.

Similar x (T, a,y) or S(T,«,~) curves in the thermodynamic limit are obtained using ED

for small N, DMRG at the points T'(N), and extrapolation to 7' < T(N) for the largest
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Figure 3.3: Entropy per site, S(T, a, 7y, N), as defined in Eq. 3.2.2, calculated for a spin chain
of N sites with no explicit dimerization (0 = 0) and frustration parameter o = 0.75. Results
are shown for both the standard J;—J2 model (y = 0) and an extended model with v = 0.15.
Solid curves represent data obtained using exact diagonalization (ED) for systems up to N = 24
(for vy = 0) and N = 20 (for v = 0.15), as well as converged density matrix renormalization
group (DMRG) results for temperatures 7' > T'(IV), indicated by discrete points. Dashed lines
illustrate the behavior of S(T,«,~, N) at temperatures below T'(N). In the thermodynamic
limit, the presence of a finite gap A(a,7) in the extended model (v = 0.15) leads to a lower
entropy compared to the gapless case (7 = 0).

N considered. The dependence of x(7,a,0) on « is shown in Fig. 3.5 for the ferromagnetic
Ji1-J2 model with o > 0.65. The smallest value of susceptibility corresponds to the HAF,
and its extrapolated behavior at lower 7" matches the exact result for x(7') when 7' > 0.01;
logarithmic corrections enhance [169] the exact x(0) = 1/72 by 6% at T = 0.005. As the
antiferromagnetic exchange increases, x (7, «, 0) decreases with increasing «, as expected. The
temperature dependence is monotonic for small «, and near the critical point o, = 1/4, it
closely follows a power law [299] of the form 7118, A secondary peak appears at a = 0.75,
which shifts to higher T" with increasing « and becomes the only peak for o > 1.

The thermodynamic limit of S’(T, ,0) = C(T, «,0) /T is presented in Fig. 3.6 for the J1-Jo
model at frustration values a > 0.65. For the HAF, we find S’(0) = 0.66, which is close to the
exact value of 2/3. As a decreases, the density of low-energy states increases. The position of
the maximum shifts toward lower 7" and eventually merges with the peak at 7" = 0. In the high
T limit, the area under all the curves approaches In 2.

For fixed [Jj] = 1, the ED/DMRG technique provides the thermodynamic behavior of
Hs(a, ), Eq. 3.2.2, with 6 = 0 down to progressively lower temperatures 7' > T'(N), which
depend on the system size N. Systems with a > 0.65 exhibit instability toward sublattice
dimerization. The equilibrium dimerization amplitude 6(7") decreases from its zero-temperature

value 6(0) to §(Tsp) = 0 at the transition point. Obtaining the equilibrium (T requires a
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Figure 3.4: Temperature dependence of the magnetic susceptibility x (7', o, 7y, N) as described
by Eq. 3.1.1, evaluated for a system of N spins with ¢ = 2 and fixed a = 0.75. Two cases are
shown: the standard J;—J2 model with v = 0 and the extended model with v = 0.15, where
d = 7. Solid curves represent exact diagonalization (ED) results up to N = 24 for v = 0
and up to N = 20 for v = 0.15, combined with finite-temperature DMRG data (depicted as
discrete points) for temperatures above a size-dependent crossover scale T'(N). Dashed lines
correspond to x(T,,v, N) in the low-temperature regime 7' < T(N). At zero temperature,
the susceptibility vanishes due to finite-size gaps, which extrapolate to a finite excitation gap

A(a,y) in the thermodynamic limit for v = 0.15.

direct inclusion of the lattice degrees of freedom in order to properly account for the electronic

instability.

3.4 Spin-Peierls transition

The Peierls instability in a half-filled band of noninteracting fermions arises from the filled
valence band formed by bonding orbitals at 1" = 0, while the conduction band, consisting of an-
tibonding orbitals, remains empty. The curvature of the ground state diverges as E” o Ind [221],
and the band gap is given by 45(0) in reduced units (¢ = 1). As temperature increases, thermal

excitation leads to partial occupation of antibonding orbitals and partial depletion of bond-
ing orbitals, thereby reducing §(7'). The tendency towards dimerization is counteracted by a
harmonic lattice potential of 62/2¢,4 per site, associated with an optical phonon at wave vector
q = £7/2. In addition to assuming linear electron-phonon coupling and a harmonic lattice [340],
two standard approximations are applied: the adiabatic (Born-Oppenheimer) approximation,
which neglects nuclear kinetic energy, and the mean-field approximation, which assumes a uni-
form bond distortion amplitude §(7"). The lattice force per site that counterbalances the elec-

tronic instability is 0/eg4, and these approximations are also applicable to interacting fermion
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Figure 3.5: Temperature-dependent magnetic susceptibility x (7', c, 0) for the J;—J5 spin chain
with uniform exchange interactions (6 = 0 in Eq. 3.1.1), presented as discrete data points for
temperatures T' > T'(a, 96), where numerical convergence is achieved. The susceptibility for the
Heisenberg antiferromagnetic (HAF) limit is extended to lower temperatures via extrapolation,
approaching the exact zero-temperature value of 1/72 ~ 0.10132.

systems or correlated spin chains.

The equilibrium sublattice dimerization for o > 0.65 in Eq. 3.2.2 is described by

5(T) OA(T, )
( 55 )(m T < Tsp (3.4.1)

where A(T,§) denotes the free energy per site. While the thermodynamic limit of the derivative
with respect to d has been well established for noninteracting fermions using the grand canonical
partition function, it remains unknown for correlated spin chains, including the HAF. Equa-
tion 3.4.1 serves as the SP gap equation and provides a criterion for self-consistency. Given that
d(Tsp) = 0, the experimentally observed Tsp sets the value of the stiffness 1/¢g4, or vice versa,
allowing determination of §(7") down to zero temperature. Thus, the transition is controlled by
a single parameter, either Tgp or the stiffness.

We consider A(T,0,N) = —-TInQ(T,6,N), where Q(T', 6, N) is the canonical partition func-
tion for a system of size N, and solve Eq. 3.4.1 to obtain 6(T, N) for T' < Tsp. As discussed in
Section 3.3, convergence of the derivative A’ (T,d, N) = 0A(T, 5, N)/dd to its thermodynamic
limit occurs for T > T(N). The dependence of A'(T,d,N) on system size is illustrated in
Fig. 3.7 for a = 0.79 and v = 0 or 0.15, shown in the left and right panels, respectively.

The sublattice dimerization driving force, —A’(T,d, N), decreases with increasing T, as
expected. Its dependence on system size becomes weaker as § increases, since a larger § enhances
the gap A(d). For § = 0.105, the values of A'(T,d, N) at T' = 0 show near convergence by
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Figure 3.6: Temperature dependence of the converged quantity S'(T, «,0) = C(T, «,0)/T for
the Ji1—J2 spin chain with no dimerization (6 = 0 in Eq. 3.1.1). Data points are shown for
temperatures T' > T'(«, 96), where finite-size effects are negligible.

N = 32 in both panels. Near the transition temperature Tsp, the curves for § = 0.005 have
already reached the thermodynamic limit for 7 > T'(32). The thermodynamic limit is effectively
achieved at N = 32 around T' ~ Tgp due to the elevated temperature, and also around 7" ~ 0

because of the large value of A(4(0)).

Since 0(Tsp) = 0, the curvature —A”(Tsp, 0) sets the stiffness parameter 1/¢4 at a given Tsp.
A typical value used is Tgp = 0.10. For temperatures T' < Tsp, the value of §(T") is obtained
from Eq. 3.4.1, where §(0) is given by E’(6(0))/A”(Tsp,0). Almost identical 6(7, N) for N = 24
and 32 suggests that 6(7T") has converged for a system size of N = 32. These converged 6(T")
results are presented in Fig. 3.8 for a = 0.79 with v = 0 and 0.15 in the upper panel, and
for « = 0.75 with v = 0 and 0.15 in the lower panel. To calculate the temperature derivative

do(T)/dT, which is required in the following analysis, 6(7') is fitted using the expression
5(T) T \“°
——=1—-| = T<T 3.4.2
o~ (5) =T 342

The fitting parameters are a = 3.868, b = 0.354 for a = 0.79, v = 0, and a = 2.835, b = 0.408
for « = 0.75, v = 0.15. The variation of 6(7") near Tsp is more gradual in the gapped chain
with v > 0 compared to the sharper drop in the gapless case.

An SP transition generates a C(T") anomaly and a discontinuous x(7") slope at Tgp. We

evaluate the anomaly for T' < Tsp as

O(T) _ dS(T.8(1)) _ 9S(T,8(T) , ds(T) IS(T.5(T))

T dT or dT 06
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Figure 3.7: The thermodynamic driving force —A’(T,d, N) associated with sublattice dimer-
ization ¢, as described by Eq. 3.4.1, for both the standard J;—J> model and its extended version
with v = 0.15. Calculations are shown for frustration parameter o = 0.79 and a system of N
spins, as specified in Eq. 3.2.2. The open circles indicate the temperature T'(NN, ) at which the
dimerized phase becomes energetically favorable.

The first term, C(T,6(T))/T is evaluated at the equilibrium 6(7). The second term shows
a discontinuity at Tsp, where 6(T)) = 0 for T > Tgp. This abrupt change is a well-known

consequence of the mean-field approximation, which entirely neglects lattice fluctuations.

Figure 3.9 presents the calculated values of C(T")/T for Tsp = 0.10, a = 0.75, and two cases:
~v = 0 (left panel) and v = 0.15 (right panel). The anomaly is computed for system size N = 32,
which is sufficiently large to represent the thermodynamic limit for these parameters. The solid
green lines corresponding to 6 = 0 show the converged C(T') /T results for temperatures T > Tsp
or for cases where no phase transition occurs. In the right panel with v = 0.15, the green line at

T < Tgp for 6 = 0 is obtained by extrapolating the entropy for N = 128 using the expression
S(T)=cT Texp(—A/T) T <T(128) (3.4.3)

where A is the singlet-triplet energy gap A(«q, ), evaluated at N = 128. The parameters n and
¢ are determined by matching both the value and slope of S(T) to the calculated entropy and
its derivative at 7' = T'(128). The dashed red curves represent C(T,6(1"))/T', which is the first
term in Eq. 3.4.3, calculated for the converged N = 32 systems.

As discussed in Section 3.3, the total area under the curve defined by S'(T) = C(T)/T
approaches [n2 in the high-temperature limit for all parameter sets. Because C(T")/T remains
the same for T' > Tsp, a consistent value of S(Tsp) directly indicates that the area up to Tgp
under both the green § = 0 and red §(7") curves in either panel of Fig. 3.9 is identical. These

curves intersect at a temperature 77 < Tsp, and the area between them up to 7" is noticeably
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Figure 3.8: Temperature-dependent amplitude 6(7") of the sublattice dimerization, as obtained
from Eq. 3.4.2, for spin chains comprising N = 32 sites. The calculations are based on the model
defined in Eq. 3.2.2, with parameters chosen such that the spin-Peierls transition temperature
is Tgp = 0.10.

smaller when v = 0.15 compared to v = 0. As a result, the area from 7’ to Tsp must also
be smaller for the gapped system with v = 0.15 undergoing a conditional SP transition. It is
important to note that the reduced anomaly in C(7')/T for v = 0.15 mainly arises from the
singlet-triplet gap A(a,) and the entropy S(Tsp,a, 7). The role of lattice approximations in
determining the calculated dimerization is of lesser importance, since §(7") primarily affects the
shape of the anomaly.

Fig. 3.10 presents the computed x(7,6(T")) for the models shown in Fig. 3.9, using param-
eters Tsp = 0.10, a« = 0.75, and v = 0 (left panel) or v = 0.15 (right panel), with § = 0 for
T > Tgp. The green curves (6 = 0) represent the converged susceptibilities of chains that do
not undergo an SP transition. The red curves display x(7,6(T)) for T' < Tgp, calculated using
the equilibrium values of §(T"). At Tsp, the SP transition leads to a discontinuous change in the
slope of x(T'). In the v = 0 case, a prominent cusp appears, corresponding to a transition from
a gapped, dimerized chain to a gapless one. For v = 0.15, the cusp is less pronounced because
the sublattice dimerization primarily enhances the existing gap at 6 = 0. Approximations that
neglect lattice fluctuations tend to make the x(7) cusp sharper.

We investigated additional SP transitions in chains described by Eq. 3.2.2 with a > 0.65
and v > 0, and observed similar behavior in C'(T") and x(7"). Systems with v > 0 demonstrate
conditional instability toward sublattice dimerization. For parameter sets that yield finite gaps
A(a,7y), the SP transition is characterized by a noticeable but smaller anomaly in C(T") along
with a moderate cusp in x(7') at Tsp. It is worth mentioning that SP transitions are often

identified by cusps in x(7"), frequently in the absence of specific heat measurements.
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Figure 3.9: Temperature dependence of the normalized specific heat, C(T)/T, for the spin-
Peierls (SP) transitions in both the standard J;—J2 model (v = 0) and the extended model with
v = 0.15, evaluated at o« = 0.75 and Tsp = 0.10. The continuous green curves represent the
undistorted case (§ = 0), extended to T' = 0 for v = 0, and extrapolated from 7'(128) down to
zero temperature using Eq. 3.4.3 for v = 0.15. The solid blue and red curves depict results from
Eq. 3.4.3 for system sizes N = 24 and N = 32, respectively. The dashed red curve corresponds
to C(T,6(T"))/T, representing the leading contribution from Eq. 3.4.3 at N = 32.

3.5 [(-TeVO, Thermodynamics

We have analyzed the thermodynamic behavior of Eq. 3.2.2 for @ > 0.65, focusing on the
SP transition that leads to sublattice dimerization. The extended J;-Jo model with isotropic
exchange interactions is characterized by three main parameters: Ji, «, and . A fourth
parameter, Tsp, determines the stiffness 1/¢;4 of the harmonic lattice, or alternatively, the value
of §(T') for T < Tsp. The model framework, including the linear spin-phonon coupling and the
assumptions regarding the lattice, is clearly defined. With these four parameters, both the SP
transition and the system’s thermodynamics are completely described.

The quasi-1D compound §-TeVO, consists of zigzag spin chains running along the ¢ axis.
Weaker exchange interactions of either sign have been calculated [310] between spins in neigh-
boring chains, and interchain coupling has been considered [273, 314, 372] as a possible origin of
the phase transitions observed at 2.3 K, 3.3 K, and 4.6 K. Except for an early study, the mag-
netic susceptibility and spin-specific heat at higher temperatures have generally been interpreted
using the Ji—Js model with § = 0 in Eq. 3.1.1.

Table 3.3 presents three reported values of J; and « that produce good fits to the magnetic
susceptibility x(7") and heat capacity C(T') for temperatures above 8 K in the paramagnetic
phase. It also includes two extended models characterized by Ji, o, and v = 0.15. Additionally,
the table provides the computed entropy S(7T') at T = 5.5 K. The energy per site in the

ferromagnetic phase, where spins are fully aligned under a uniform external magnetic field B,
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Figure 3.10: Temperature-dependent magnetic susceptibility x(7',d(7")) computed for the
J1—J2 model with v = 0 and its extended counterpart with v = 0.15, both at « = 0.75 and
spin-Peierls transition temperature Tsp = 0.10. The green solid curves represent the converged
susceptibility x(7,0) for the uniform chain (6 = 0) and temperatures 7' > T'(128), where finite-
size effects are negligible. The red curves show x(7,d(7T)) calculated with the temperature-
dependent equilibrium dimerization §(7"), extrapolated to the thermodynamic limit using a
system size of N = 32.

is given by a ) hB
-«
4 2

Ep(a,vy,B) = — (3.5.1)

where h = gup/|J1|, with ¢ = 2 and pup denoting the Bohr magneton. The value of By, listed
in Table 3.3 corresponds to the magnetic field at which the true ground state at 0 K becomes
ferromagnetic. Further experimental results obtained in the paramagnetic phase offer additional

uses of the Hamiltonian H («, 7).

The reported x(7T') data are not exactly the same but vary by a few percent. We have used
the x(T") data from Savina et al. [312] as a reference, corresponding to a magnetic field applied
along the a or c¢ axis with g = 2.0; data in the temperature range 1.9 to 6 K are taken from
Fig. 7, while data at higher temperatures are taken from Fig. 4. The measured x(7") shown in
Fig. 3.11 has been shifted downward by 5 x 10~2 and is compared to the computed curves for
~v = 0.15, which have also been shifted downward and are nearly identical. We have included
the exact x(7,N) for N = 20, which is larger than the N = 18 system used in Ref. [312];
however, deviations from the experimental data at low temperatures are observed due to finite
size gaps.

For the purpose of performing model-to-model comparisons and calculations, we have rescaled
the data by adjusting —J; from 38.3 K to 36.6 K in Ref. [273] and from 26.6 K to 25.5 K in
Ref. [372]. The rescaled values of J; listed in Table 3.3 result in slightly lower By, and higher
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Table 3.3: Exchange parameters J; and « as reported in Refs. [312], [273], and [372], based on
fits to the magnetic susceptibility x(7") of 5-TeVO, in the paramagnetic regime. The table also
includes the computed values of the saturation magnetic field Bg,t and molar entropy S(5.5) at
5.5 K. Values in parentheses indicate rescaled J; parameters (as described in the main text),
along with the corresponding Bg,t and S(5.5). The bottom two rows present results for extended
J1—J2 models incorporating an interchain coupling v = 0.15.

—J1 (K) [a=J/|N|] Bw (T) | S(5.5) (J/Kmol)
38.32 0.77 22.3 1.67
38.3"(36.6) 0.80 24.5(23.4) 1.55(1.62)
26.6%(25.5) 1.0 24.8(23.7) 1.56(1.58)
36.04 0.79 23.4 1.43
39.24 0.75 23.3 1.45

aRef. [312] PRef. [273] C©Ref. [372] 94 =0.15

S(5.5). The computed x(T') curves shown in Fig. 3.11 agree well with each other in the para-
magnetic regime. The convergence of these results for 7' > 8 K indicates that x(7") is not very
sensitive to the aligned parameters Ji, o, and ~ given in Table 3.3.

At low T, the behavior is reversed, highlighting distinct variations among the calculated
X(T'). The solid lines in Fig. 3.11 represent results in the thermodynamic limit for 7' > T'(N),
while the marked data points correspond to N = 96 for the Ji-J> models and N = 128 for
the extended models with v = 0.15. The convergence of x(7T', N) toward the thermodynamic
limit as N increases is illustrated in Fig. 3.4. For v = 0.15, the gap A(«,v) ~ 0.05|J;| has
nearly reached convergence, as indicated by the N = 96 and 128 results. Investigating the much
smaller A(«) in the IC phase of the Ji-J5 models requires significantly lower T'. Therefore, we
infer that the Ji-Jo model with § = 0 in Eq. 3.1.1 does not adequately describe the susceptibility
of B-TeVOy below 8 K.

For temperatures above T' > 15 K, the specific heat is primarily governed by lattice phonons.
In the low-temperature regime, the Debye T law serves as an approximation for acoustic
phonons, considering a mass M per unit cell in 8-TeVOy, which contains four formula units per
cell. Additionally, the temperature-dependent specific heat C(T') exhibits greater sensitivity to
model parameters compared to the magnetic susceptibility x(7'). The C(T') data for T > 8 K
shown in Fig. 3.12 is adapted from Fig. 1 of Ref. [313], with a downward shift of 0.2, and is
compared to the calculated specific heat for v = 0.15, also shifted. The lattice contribution
is given by Clat(T) = 3.6 x 107473, At low temperatures, the exact diagonalization result
for N = 20 sites reveals finite-size gaps. Due to entropy conservation, the ratio C(T,N)/T
approaches the thermodynamic limit from above; this is because a reduced entropy S(7', N) at
low temperatures must be compensated by an increased entropy at intermediate temperatures
before converging to the total entropy S(T"). Previous studies that modeled C(T") and x(7') in
the paramagnetic regime with N < 20 fail to capture the low-temperature behavior accurately.

The computed molar C(T")/T shown in Fig. 3.12 correspond to the same set of parameters
as those in Fig. 3.11. For v = 0.15, the data are converged for 7" > T'(128) and are obtained

using Eq. 3.4.3 at lower temperatures. As explained in Section 3.4, the J1—Js curves remain
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Figure 3.11: Molar magnetic susceptibility x(7') of 5-TeVOy, with experimental data available
down to T'= 1.9 K from Ref. [312]. All theoretical curves, except for the exact diagonalization
(ED) result at N = 20, represent converged x(T') calculations using the parameters indicated
in the legend. The x(7T) — 5 offset curves provide a direct comparison between experiment,
ED at N = 20, and a converged model incorporating v = 0.15. While the theoretical results
show good agreement for temperatures above 8 K, discrepancies emerge at lower temperatures.
Open circles mark the temperature 7'(96) associated with J1—J2 models at v = 0, and the filled
square indicates T'(128) for both extended models.

finite down to temperatures around 7" ~ A(«), which represents the exponentially small energy
gap in the IC phase. In contrast, the gapped v = 0.15 chains satisfy S’(0) = 0. The results
exhibit reasonable convergence for T > 7 K and excellent convergence for 7' > 10 K, which
is comparable to the convergence observed in x(7'). Moreover, the low-temperature behavior
of C(T) in the thermodynamic limit differs significantly for the model parameters listed in
Table 3.3.

The thermodynamic behavior of 5-TeVO, described above indicates that all five models
presented in Table 3.3 successfully reproduce the x(7") and C(7T) data for temperatures above
8 K. Among them, the extended models with v = 0.15 provide a significantly better agreement
with the experimental x(7") data below 8 K, as shown in Fig. 3.11. Specific heat measurements
including the transition at 4.6 K have been reported by three groups [273, 313, 372], and are
shown as C(T")/T in the upper panel of Fig. 3.13. The anomaly associated with the transition
appears broadened on the high-temperature side, which is qualitatively consistent with the

influence of lattice fluctuations.

The entropy S(5.5), obtained by integrating the C'(7")/T data up to T' = 5.5 K, represents
the measured entropy at this temperature. In this range, the Debye contribution is negligible.
The integrated areas were found to be 1.35, 1.43, and 1.47 J/Kmol in Refs. [313], [372], and [273],
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Figure 3.12: Temperature dependence of the molar specific heat divided by temperature,
C(T)/T, for B-TeVOy after subtraction of the phonon (Debye) contribution, C,tt. Experimental
data are taken from Ref. [313]. The plotted theoretical curves represent converged results, except
for the exact diagonalization (ED) data at N = 20. All calculated curves show good agreement
above T > 7 K, while deviations appear at lower temperatures. For the J;—Jo model with
v =0, C(T)/T remains finite as 7' — 0. In contrast, the v = 0.15 curves for T' < T'(128) are
obtained via extrapolation using Eq. 3.4.3.

respectively. The corresponding values of S(5.5) calculated for v = 0 in Table 3.3 exceed the
measured values by approximately 10%. Adjusting J; as discussed in relation to x(7') increases
S(5.5) by 0.07 and 0.02 J/Kmol for Refs. [273] and [372], respectively. Since entropy is a state
function, S(5.5) does not depend on the specific thermal path from 7' = 0 to 5.5 K. This
measured entropy at 5.5 K supports the selection of the extended model with v = 0.15.

The solid lines marked as § = 0 in the upper panel of Fig. 3.13 represent the computed values
of C(T')/T for the v = 0.15 models, which are also presented in Fig. 3.12. Using the same set
of parameters, the red curve corresponds to a scenario where the anomaly is interpreted as a
conditional SP transition occurring at 4.6 K. A semi-quantitative fit of the absolute specific heat
is achieved by assuming T'sp = 4.6 K. In comparison, the more prominent anomaly associated
with gapless Ji1-J2 models exhibiting unconditional transitions is illustrated in Fig. 3.9.

The molar spin susceptibility x(7") for temperatures below 10 K is presented in the lower
panel of Fig. 3.13. The data and the curve corresponding to = 0 are identical to those shown
in Fig. 3.11. The extended models with v = 0.15 listed in Table 3.3 provide a good description
of x(T') across the full temperature range up to 300 K. The computed x(7,0(T)), using the
same parameters and assuming Tsp = 4.6 K, exhibits a cusp at the transition. The change in
slope of x(T') at Tgp is significantly more pronounced than the subtle feature observed in Fig.
7 of Ref. [312].

An intriguing aspect of the 4.6 K transition is the pronounced anomaly observed in C(T)/T,
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Figure 3.13: Upper panel: Experimental data for the specific heat divided by temperature,
C(T)/T, are shown for T' < 6 K from Refs. [273, 372] and for T' < 10 K from Ref. [313].
Theoretical curves for § = 0 correspond to the calculated results with v = 0.15 presented in
Fig. 3.12. The red curve indicates the predicted spin-Peierls (SP) transition, obtained from
Eq. 3.4.1, assuming v = 0.15. Lower panel: Magnetic susceptibility x(7') as measured in
Ref. [312]. Theoretical x(7) curves for 6 = 0 are again shown for v = 0.15, consistent with
Fig. 3.11. Results labeled x(7,(7")) incorporate the temperature-dependent lattice distortion
d(T) from extended models with v = 0.15.

which shows minimal correspondence in x(7"). Various other parameters have also been exam-
ined. The main challenge lies in the fact that the C(T")/T data at low temperatures indicate
the presence of a larger gap than that predicted by 6 = 0 models, which accurately describe
the thermodynamic behavior at higher temperatures. However, increasing the gap leads to a
decrease in x(7"). This discrepancy between the small gap implied by x(7") and the large gap
required by C(7T) presents a significant challenge for quantitative modeling of 8-TeVOj,.

As mentioned in the Introduction, one-dimensional (1D) models with isotropic exchange
interactions, such as Eq. 3.1.1, serve as basic approximations for understanding the magnetic
behavior of quasi-1D materials. An example in the case of 8-TeVOy is the saturation field Byg;.
The g factor [273, 312] remains close to 2.0 when the magnetic field B is applied along the a
or c¢ crystallographic axis. The values of By, shown in Table 3.3 correspond to models that
consider only isotropic exchange and thus represent the external magnetic field required in such
idealized conditions. Experimental measurements at 7' ~ 50 mK [274, 360] yielded a saturation
field of approximately 21.7 T. The discrepancy between the calculated and measured values
may be reasonably explained by the presence of an internal magnetic field that contributes to
the total effective field beyond the applied field B, even though the exact origin and strength

of this internal field remain unclear. Additional arguments also support the possibility of such
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an internal field.

The modeling of 3-TeVO4 has already gone beyond the Ji-J2 model at a qualitative level.
Due to the low symmetry of zigzag chains, both antisymmetric and anisotropic contributions
to the otherwise isotropic exchange interactions are allowed. Additionally, there are interchain
couplings J', which can be either ferromagnetic or antiferromagnetic, between neighboring spins
on different chains. However, specific modifications to the Ji-Jo framework have not yet been

clearly established, and performing a detailed quantitative analysis remains a difficult task.

3.6 Conclusion

The spin-Peierls (SP) instability in the ferromagnetic Ji-Jo model, considered in the singlet
sector of Eq. 3.1.1 with J; < 0 and § = 0, shows notable differences compared to SP systems
with J; > 0. For values of a = Jy/|J1| > 0.65, the system exhibits sublattice dimerization,
resulting in singlet ground states characterized by four spins per unit cell. When « is smaller,
the system instead undergoes chain dimerization, which is typical for J; > 0, and leads to
two spins per unit cell down to the critical point o, = 1/4. The treatment of SP transitions
into dimerized sublattices within the J;-J2 model follows the usual approach: linear spin-lattice
coupling, a harmonic lattice, and the use of both adiabatic and mean-field approximations for
the lattice. In the singlet sector, the SP instability of the ferromagnetic J;-J2 model is found
to be unconditional.

The extended model with § = 0 in Eq. 3.2.2 exhibits reduced symmetry, possesses a non-
degenerate singlet ground state within the parameter range of interest, and features a finite
singlet-triplet gap A(c,~). The spin-Peierls (SP) instability in this case is conditional, and for
systems that are sufficiently soft with o > 0.65, the transition leads to sublattice dimerization.
When the SP transition is conditional, the anomaly in C(7)/T and the cusp in x(T") at Tsp
are both diminished in magnitude, as discussed in Section 3.4.

ED/DMRG is a recent method [299] used to study the low-temperature thermodynamic
properties of 1D spin chains. It has been tested against certain exact and numerical results [301],
but broader acceptance of this technique as a reliable tool will require further comparative stud-
ies. The SP transition in CuGeOs has been modeled using TMRG [186] and ED/DMRG [300],
both employing the same lattice approximations and parameter values: J; = 160 K, frustration
a = 0.35, and Tgp = 14.4 K. In the TMRG approach, the stiffness K (or 1/¢4) was found to
be 11J; (11.1J7), with §(0) = 0.026 (0.0248) and a gap A = 40 K (38 K) at 7' = 0 K. The
same x(7') data was quantitatively fitted for T > Tgp in Fig. 4 of [186] and across the full
temperature range in Fig. 5 of [300], as required for self-consistency by Eq. 3.4.1. Achiev-
ing a quantitative TMRG fit to x(7T) below Tsp required [186] a slightly reduced stiffness of
K = 10.2J, which in turn resulted in a higher Tsp = 15.2 K. The self-consistency condition
was met to within 8%. For comparison, a mean-field fit to x(7') below Tsp in an organic SP
system with o = 0 yielded [161] a transition temperature Tsp = 9 K, which is 25% lower than

the experimentally observed value of 12 K.
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The ED/DMRG approach allows the study of low-temperature (7') thermodynamic proper-
ties of correlated spin chains, including the Ji-J2 model and its extended versions. To minimize
finite-size effects, large system sizes with N ~ 100 or more are typically necessary. However, as
spin correlations weaken at high T, smaller system sizes become adequate. For J;-Jy models
with N < 20, ED has been used to analyze various combinations of J; and «, successfully
describing the magnetic susceptibility x(7") and spin specific heat C(T") of S-TeVOy4 in the
paramagnetic region. Nonetheless, this approach does not capture the behavior below 10 K,
where the data suggest a gapped excitation spectrum. To address this discrepancy, the extended
models with v = 0.15 and the values of J; and « listed in Table 3.3 are required, as discussed
in Section 3.5.

We were unable to successfully reproduce the C(T')/T and x(T') data shown in Fig. 3.13.
The 6 = 0 curves in the lower panel describe x(7") down to 2 K without indicating a spin-Peierls
(SP) transition at 4.6 K. Using the same values of Jq, a, v, and Tsp = 4.6 K, we obtain the
red v = 0.15 curves in the upper panel. However, the significant gap arising from sublattice
dimerization does not agree with the observed behavior of x (7).

The J1—J2 model has been previously employed to explore the quantum phases of 5-TeVOy
at low temperatures and under varying magnetic fields, ranging from B = 0 to B > Bgyy. This
analysis provides a consistent, though qualitative, description. The observed quantum phases
correspond to the symmetry inherent in the J;—J3 model, which is significantly higher than
the actual symmetry of the material. Measurements of x(7") and C(T') suggest the presence
of gapped systems, with gap values considerably larger than A(a), although the origin of the
gap is not necessarily attributed to «. Experimental comparisons yield precise parameters for
one-dimensional models with isotropic exchange interactions, which serve as a foundation for

further investigation of the magnetic behavior in complex quasi-one-dimensional materials.
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Chapter 4

Phase diagram of spin-1/2 coupled trimer chains

4.1 Introduction

Low-dimensional quantum spin systems with competing interactions have become an intriguing
subject in the last few decades [73, 206, 286, 368, 369]. The competition between exchange
interactions in these systems leads to a diverse range of exotic phases. Alternating exchange
interactions in one-dimensional (1D) or quasi-1D spin models, which imply a longer unit cell
compared to uniform systems, can introduce interesting electronic and magnetic properties,
leading to entirely new phases not present in models with uniform exchange. Therefore, models
with non-uniform exchange are more generalized, and a thorough study of these models is
relevant as they offer a broader scope to represent many low-dimensional magnetic materials
that show poor agreement with uniform model systems. For instance, the spin-1/2 Heisenberg
antiferromagnet (HAF) with a one spin per unit cell, whether or not it includes additional
frustrated exchange, does not exhibit a magnetic plateau [30, 143]. In contrast, the spin-1/2
coupled trimers having a unit cell made of three spin spin-1/2 (trimerized nearest neighbor
(NN) exchange), displays a plateau at one-third of the saturation magnetization [146, 218].
The appearance of the plateau is consistent with the theorem of Oshikawa, Yamanaka, and
Affleck [258].

We notice that various types of exchange pathway arrangements are possible in trimer
systems. These systems can be classified into two categories: (i) pathways that include only
nearest-neighbor (NN) exchange interactions, and (ii) pathways that incorporate both nearest-
neighbor and next-nearest-neighbor (NNN) exchange interactions. For instance, 3CuCly - 2dx
(dx = dioxane) belongs to the first category and can be modeled as a spin-1/2 Heisenberg
trimer chain with Ji-J1-J] interactions (intratrimer J; and intertrimer Jj), where J; < 0 is
ferromagnetic (FM) and J; > 0 is antiferromagnetic (AFM) [7]. Hida studied this model and
reported a 1/3 magnetization plateau for small J;/J] [146]. Another spin-1/2 trimer chain
compound, CuzP20s(OH)2, with AFM interactions J; > 0 and Jj > 0, also exhibits a 1/3
magnetization plateau [137].

The second category includes compounds such as AyCuzGesO12 (where A = Na, K) [27, 54,
272, 338], which is an excellent realization of a coupled spin-1/2 trimer system with antiferro-
magnetic intratrimer exchange Ji, Jo, and intertrimer exchange Ji. Here, J; and Jj correspond
to NN exchange interactions, while Jo represents an NNN exchange interaction. Another exam-

ple is the Heisenberg diamond ladder, characterized by diamond-shaped unit cells made of trimer
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unit, arranged along the chain, has attracted significant attention in both experimental and theo-
retical studies [78, 79, 102, 150, 157, 180, 181, 255, 256, 305, 309, 344, 349, 355, 404]. Compounds
such as Cug(COs3)2(OH)2 [180, 181], A3Cuz(POy4)4 [where A = Ca, Sr], and Bi4CuzV2014 [305]

are modeled by the Heisenberg diamond chain.

Another key property of trimer system is that antiferromagnetically weakly coupled spin-1/2
trimer chains exhibit emergent composite excitations of novel quasi-particles, namely doublons
and quartons, in addition to low-energy fractional spinon excitations [27, 53, 54, 213, 272]. The
emergent composite quasi-particles exist only in the weak intertrimer exchange limit (J1/J < 1).

As Jj/J — 1, these states fractionalized into conventional spinon continuum.

Motivated by the diverse range of theoretical and experimental studies in spin-1/2 trimer
compounds, we consider a general quasi-1D spin-1/2 coupled trimer model and investigate its
ground state (gs) properties. The model includes NN intertrimer exchange J; and intertrimer
exchange J{, while the NNN intertrimer and intertrimer exchange is Jo and .Jj, respectively.
Often in real materials, we find the NNN exchanges fall under two categories: either Jo >> J}
or Jy << J. For example, when Jy ~ 0, it becomes a diamond lattice. When Jj ~ 0, this
becomes coupled trimer as seen in NagCuzGeysOqo [27]. Therefor, in this manuscript we have
considered a special case where Jo = J5. The schematic figure of coupled trimer is shown in
Fig. 4.1 (a). The model simplifies to the uniform J; — Jo model [55, 200, 201, 381] when J| = J;
as shown in Fig. 4.1(b). When J] < Jj, the uniform model transforms into a set of trimers
connected by intertrimer NN exchange J; and NNN exchange J;. Within each trimer, spins
interact through NN exchange J; and NNN exchange .J5. Therefore, J5 tends to make the chain
uniform, while J{ induces trimerization, introducing another form of frustration into the model.
In an isolated trimer (J] = 0), two spins form a singlet pair while one spin remains unpaired,
contributing to the magnetization. Consequently, a system of L spins with % isolated trimers
is expected to have a high spin gs (5% = %) even in finite systems, unlike a uniform system
where the finite system size always results in a singlet gs (S* = 0). Both strong J{ and strong
J2 tend to destabilize the high spin gs. At strong intertrimer NN interaction (J] > 0.5.J1), the
system shows no signs of a high spin gs and exhibits all the exotic phases similar to the uniform
J1 — Jo model, although the phase boundaries are shifted due to the weak trimerization effect.
Based on the results for excitation gap, level crossing, spin correlations, structure factor, and
bond-bond correlations, we construct a quantum phase diagram (QPD) in the Jj/J; — Ja/Jy
parameter space. The QPD is divided into two regions. In the region where the intertrimer
exchange is weak (0 < J{/J; < 0.4), we identify three distinct phases: AFM with quasi-long-
range order (QLRO), trimer or high spin ground state, and gapless spiral. In the region where
the intertrimer exchange is strong (0.4 < Jj/J; < 1.0), the SF and spiral phases with a gap

persist, and a gapped dimer phase emerges between them.

The chapter is divided into four main sections. Section 4.2 covers the model Hamiltonian
and the method. Section 4.3 presents the quantum phase diagram (QPD) and provides details

about the phases. Finally, section 4.4 concludes the results.
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4.2 Model Hamiltonian & method

We consider a spin-1/2 antiferromagnetic (AFM) quasi-1D chain with periodic boundary con-
ditions (PBC) in the presence of trimerized interactions. In this setup, every three consecutive
spins along the chain are coupled by strong exchange interactions, forming a trimer unit. These
trimer units are then connected to each other by comparatively weaker interactions. Given our
interest in systems with frustration, where a variety of exotic phases are expected to emerge,
we include antiferromagnetic (AFM) next-nearest neighbor (NNN) exchange interactions in
addition to the nearest neighbor (NN) interactions in this model. The Hamiltonian of the spin-
1/2 AFM trimer model, consisting of N trimers or L (= 3N) spins with periodic boundary

conditions (PBC), can be expressed as follows:
H = Hintertrimer + Hintertrimer (421)

where, the Hamiltonian for intertrimer interactions is:

L/3
Hintertrimer = Z [Jl (Sr,l : ST,Q + ST,Q : Sr,3)
r=1

+ BS.- 8, 3} (4.2.2)

) )

and the Hamiltonian for intertrimer interactions is:

L/3
Hintcrtrimcr = E[J{Srﬁ ' Sr+1,1 (423)

r=1

+ Jo(Sr2-Sri11+ Sr3 - Srp12)]

Here, S, ; is a spin—1/2 operator acting on i-th site of r-th trimer. J; and J represent the
NN and NNN intertrimer interactions, respectively, within a trimer unit. Whereas the NN and
NNN intertrimer couplings that connect NN trimers are denoted by J] and .Jo, respectively. The
coupled trimer is shown in Fig. 4.1(a). In this manuscript, we consider only the NN interactions
to be trimerized and NNN interactions uniform along the chain. The intertrimer NN exchange
J1 = 1 is chosen as the unit of energy. The parameter space is confined between two parameters
Ji/Ji and Ja/J; and our study is limited to 0 < Jy/J; < 1.

The Hamiltonian in Eq. (4.2.1) reduces to the frustrated J; — Jo model at J{ = Jp with
uniform AFM NN and NNN couplings. In this limit, the Hamiltonian in Eq. (4.2.1) can be

written as:

H=J Z S_';n . §T+1 + Jo Z S’; . §,~+2 (4.2.4)

This 1D-chain system can be visualized as a zigzag ladder, where spins along each leg
interact via exchange Jo, and nearest-neighbor (NN) inter-leg spins are coupled via Ji, as

shown in Fig.4.1(b). The competition between J; and J in Eq. (4.2.4) results in a rich phase
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Figure 4.1: Schematic diagram. (a) General structure of a spin-1/2 coupled trimer chain,
where J; and J] represent the antiferromagnetic (AFM) nearest neighbor (NN) intertrimer
and intertrimer couplings, respectively. Jo denotes the AFM next nearest neighbor (NNN)
intertrimer and intertrimer couplings. (b) The same coupled trimer is depicted as a zigzag
chain at J| = J;.

diagram [334]. Trimerization in the system occurs when J;/J; < 1 in Eq. (4.2.1). However, Jo
uniformly connects the intertrimer and intertrimer spins, trying to preserve the characteristics of
a uniform spin chain and introducing additional competition alongside frustration. The effect
of trimerization in the system, along with other exotic phases, is discussed in the following
sections.

We use exact diagonalization (ED) for trimer up to 24 spins. The relevant 24 spin trimer
with PBC has an integral number of unit cells and sectors with inversion symmetry at some
sites. For larger systems, we employed the Density Matrix Renormalization Group method
(DMRG), a state-of-the-art numerical technique for accurately calculating gs and a few low-
lying excited energy states of strongly interacting quantum systems [374, 376]. The DMRG
scheme for building a trimer is by adding four new sites at a time, starting with a ring of
four sites. The truncation error in our calculation is below 107!° by keeping up to m = 700
eigenvectors corresponding to highest eigenvalues of the density matrix. The largest trimer

studied in this manuscript is up to 100 sites.

4.3 Quantum phase diagram

We computed the quantum phase diagram (QPD) of the Hamiltonian in Eq. (4.2.1) within the
Ji/Ji and Jy/J; parameter space. The resulting phase diagram in Fig. 4.2 can be divided into
two regions. In the weak intertrimer exchange limit (0 < J{/J; < 0.4), as Jo increases, we
identify three distinct phases: AFM (QLRO), trimer or high spin ground state, and gapped
spiral. In the strong intertrimer exchange limit (0.4 < Jj/J; < 1.0), the SF and spiral phases
persist, with a gapped dimer phase occurring in between. At J{ = 0, the system transforms
into a 3/4 skewed ladder, where the rungs of the 3/4 ladder define alternating fused three and
four membered rings [108]. The ground state is a singlet (5% = 0) for Jy/J; > 0.634, and a high
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0.0 0.2 0.4 0.6 0.8 1.0
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Figure 4.2: Quantum phase diagram of the Hamiltonian in Eq. (4.2.1): The blue region
indicates the AFM (QLRO) phase with quasi-long-range order and gapless excitations. The
green region signifies the gapped dimer phase with short-range order. The grey region denotes
the incommensurate phase with spiral spin correlations, and the red region represents the trimer
phase with a high spin ground state. Phase boundaries are determined based on results from
level crossings, excitation gaps, and structure factors.

spin ground state with S* = L/6 for 0 < Jy/J; < 0.634. Each trimer has an effective spin-1/2,
and the transition from S* = 0 to L/6 indicates a ferromagnetic effective exchange between
trimers.

As the NN intertrimer exchange (J7) increases, a competition arises between the NN inter-
trimer exchange (J]) and the NNN intertrimer exchange J2. The high spin ground state (gs)
persists in the weak intertrimer exchange limit (0 < Jj/J1 < 0.4) until these exchanges become
comparable. In the regime of strong intertrimer exchange (0.4 < Jj/J; < 1.0), the ground state
is a singlet for any value of Jo, not a high spin ground state. The boundary indicated by a black
solid line with filled circles in Fig. 4.2 separates the singlet gs from the high spin gs.

Level crossing in the finite system indicates the boundary between the spin liquid phase with
quasi-long-range order (QLRO) and the dimer gapped phase with short-range order (SRO), as
shown by the black solid line with filled squares in Fig. 4.2. The incommensurate or spiral
phase stabilize for strong NNN exchange Jo which can be characterized by a periodicity of
(2m/q) and finite-range sinusoidal spin correlations. The nature of this spiral phase, whether
gapped or gapless, depends on the value of the intertrimer exchange (J;). For strong .Ji, this
phase exhibits a non-degenerate ground state with an exponentially small gap, whereas for
weak Ji, it manifests as a gapless phase. The boundary between the dimer gapped phase and

the spiral phase is indicated by solid black line with triangles, and the boundary between the
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Figure 4.3: Energy difference (I') between the ground state (gs) in sectors with different S*
relative to S* = 0 as a function of J/J; for (a) J{/J1 =0 and (b) Jj/J1 = 0.25, with periodic
boundary conditions (PBC) and L = 48 spins. The inset in (a) displays a unit cell of the 3/4
skewed ladder with site numbering.

gapped and gapless spiral phase is shown by solid black line with star symbols in Fig. 4.2. These

quantum phases are extensively described in the subsequent sections.

4.3.1 High-spin ground state

The J; — J2 model features one spin per unit cell. The ground state (gs) is a singlet (S* = 0))
across the parameter space where J; and Jy are both positive, encompassing phases such as
the AFM (QLRO) phase and the gapped dimer or incommensurate phase [204, 334]. In the
conventional two-leg ladder with one J; rung, each unit cell accommodates two spins and
exhibits inversion symmetry at the midpoint of every rung. Here, the ground state is a singlet
with a finite Singlet-triplet gap for J; > 0. Ladders with skewed rungs may lack inversion
symmetry at certain sites in one or both legs.

The model in Eq. (4.2.1) transform into a 3/4 skewed ladder at J; = 0. In this case the spin

S% of the absolute gs is obtained by comparing the lowest energy in sectors with different S*,

(L) = Ey(S%, L) — Eo(0,L) (4.3.1)

We find S% = 0 when I' > 0, level crossing when I' = 0, and 5% > 0 given by the largest S*
for which I' < 0. DMRG gives accurate results for the low-energy states of long ladders. The z
component of the total spin, S% | is conserved and exploiting this conservation is straightforward.
The spin (S#) of ground state is determined by the highest S# value for which Ey(S%) — Ey(0) is
zero. Fig. 4.3(a) shows the energy difference (I'(L)) for a PBC ladder of L = 6n = 48 (n being
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the number of unit cell) spins which has a high spin gs with S* = L/6 = 8 for 0 < Jy/J; < 0.634
and a singlet gs for Jo/J; > 0.634. Each triangle has an effective spin-1/2, and the transition

from 5% = 0 to 8 indicates a ferromagnetic effective exchange between triangles.

We calculate spin density : p; =< 7/)0|Sf|¢0 > and spin correlations : C(j,k) =< 9o|S; -
Sk|o > for a system with N = 48 spins, where 1) is the ground state wave function. First and
second-neighbor spin correlations are listed in Table 4.1. One unit cell of 3/4 skewed ladder
with site numbering is shown in inset of Fig. 4.3 (a). Spin densities vanish identically in singlet
states. The sign of C(1,3) changes near the jump from S* = 0 to 8 shown in Table. 4.1. The
limiting spin densities are p; = —1/6 at the apex and p, = 1/3 at each base, which gives
an unpaired spin per triangle. The gs has S* = L/6 and one unpaired spin per triangle for

0< Jo/Ji < 0.634.

Table 4.1: First and second-neighbor spin-correlation functions C(j, k) of a 3/4 ladder with
PBC and N = 48 spins. Refer to inset of Fig. 4.3(a) for site numbers.

= | C,2),C(2,3) | CB3,4) | C(1,3) | C2,4), C(3,5)
0 ~0.1667 0.1111 | 0.0834 20.0556
0.01 -0.1672 0.1121 | 0.0845 -0.0569
0.05 -0.1696 0.1163 | 0.0895 -0.0569
0.20 -0.1764 0.1315 | 0.1081 -0.0836
0.50 -0.1770 0.1551 | 0.1368 -0.1246
0.64 -0.1697 0.1603 | 0.1423 -0.1396
0.65 -0.1046 0.0638 | -0.0035 -0.1148
0.68 20.0967 0.0569 | -0.0186 20.1191
1.0 -0.04 0.0323 | -0.1195 -0.1418

As the NN inter-trimer exchange (Ji) increases, there is a competition between the NN
inter-trimer exchange (J]) and the NNN intra-trimer exchange Jo. The high spin ground state
(gs) persists in the weak intra-trimer exchange limit (0 < Jj/J1 < 0.4) until these exchanges
become comparable. In the regime of strong inter-trimer exchange (0.4 < Jj/Ji < 1.0), the
ground state is a singlet for any value of Jo, rather than a high spin ground state. Fig. 4.3(b)
shows the energy difference (I'g) for J; = 0.25 with N = 48 spins. The high spin gs is in the
range 0.25 < Jy/J; < 0.60. In the phase diagram in Fig. 4.2, the high spin gs phase is shown

in the red region.

A phenomenon of these quantum spin chains is analogous to the quantum Hall effect - topo-
logical quantization of a physical quantity under a changing magnetic field. This phenomenon
is known as the magnetization plateau. In this phase, a 1/3 magnetization plateau, consistent
with the OYA condition [259], is observed. To further look at how this magnetization plateau
appears, the spatial dependence of the averaged local spin correlation C(r) =< S§.S7 > in the
ground states under different couplings at zero field is presented, as shown in Fig. 4.4(b). It is
seen that in absence of external field, the expectation value C(r) changes its sign at every three

sites within a very small range of (—0.1,0.1).
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Figure 4.4: (a) Schematic spin configuration of the high spin ground state with weak inter-
trimer NN exchange coupling (.Jj), showing the spin alignment along the z-axis. Each triangle
acts as an effective spin-1/2. (b) Longitudinal spin correlations (C(r)) in the trimer phase
for J;/J1 = 0.05, 0.15, 0.25, 0.35 with a fixed NNN exchange Jo/J; = 0.5 and a system size
of L = 48. The correlations alternate in sign at every third site within a narrow range of
(—0.1,0.1).

4.3.1.1 Perturbation theory for spin-1/2 trimer chain

In the limit where the intertrimer interactions are weak (J| << Ji, Ja << Ji), the system
can be modeled as an effective spin-1/2 Heisenberg antiferromagnetic chain. To find the ef-
fective Hamiltonian in weak intertrimer couplings limit we perform the 1st order degenerate

perturbation theory. The total Hamiltonian of two trimer unit can be expressed as:
Hiot = 2Ho +H' (4.3.2)

where, Hg = J1(§1.§2 + 52.53) + J2§1.§3, and H' = J{gi,;;.gjg + Jé(gi,g.gjg + gi,3~§j,2)'
At J] = Jj = 0, the ground state of the Hamiltonian in Eq. (4.3.2) can be written as
product states of two isolated trimer units. The ground state (gs) of isolated spin-1/2 trimer is

a S = 1/2 doublet. The wave functions can be written as:

/2= -

|—1/2) =

() = 2[4 + [ 11)

S

6

L (1) — 20 1) + ] W) (4.3.3)

S

6
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Therefore, the new basis in which we write the Hamiltonian in Eq. (4.3.2), are [1/2,1/2;),

11/2; —1/2;), |—=1/2;1/2;), |-1/2; — 1/2;).
The perturbative part of the Hamiltonian in Eq. (4.3.2) can be written in terms of creation

and annihilation operators as,

H = J{§i73.§j,1 + Jé(gi,2-§j,1 + 5}35}2)

_h
)
I3

3

(S;,%S;l + 5535;{1) + J15735%,

(5;25;1 + 5525;1) + J55755%,

J - - z Qz
+ ?2(51353',2 + Si,SS]—'E) + J55735%

(4.3.4)

The complete set of matrix elements for spin operators in Eq. (4.3.4) are provided in Ta-

ble 4.2.

Table 4.2: Matrix elements of spin operators in the new basis.

Table 4.3: Matrix elements Table 4.4: Matrix elements Table 4.5: Matrix elements

for S?

for S

for S,

,3/1° 4,3/1° 4,3/1°
Sizn | 11/20) | [=1/2) Stan | 11/20) | 1-1/2:) Sian | 11/20) | [=1/2)
11/2:) z 02 11/2;) 0 -2 11/2;) 02 0
|—1/2;) 0 -3 |—1/2;) 0 0 |—1/2;) —3 0
Table 4.6: Matrix elements Table 4.7: Matrix elements Table 4.8: Matrix elements
for 552. for 5:2. for SZ-TQ.
2 |1/21¢> |—1/2;) Sy 11720 [ 1-1/2:) Sio | 11/2:) | [-1/24)
|1/2;) —3 0 1/2:) 0 3 1/2;) 0 0
|—1/2;) 0 3 |—1/2;) 0 0 |—1/2;) 3 0

Using these matrices, the perturbative Hamiltonian in Eq. (4.3.4) can be expressed as,

o J1 (0 0 0 0 0 -2 20
Hi’j:2[<0 0 0)+<—2 0>®<0 o 7o 2
3 3
Jrié[oé
2°\0 0
AN ~L 9
]+<3 el P (4.3.5)
0 -2 0 3

S
Next, we introduce a new set of spin operators in the effective spin-1/2 basis to express H'.

N~
&
~~
O wiv
l o

Wi
~—

0 -2 0 0 0 0 0 %
+ = ® |, +1 ®
2°\0 o 3 0 -20 0 0

Here, 77, 77, and 77 denote the creation, annihilation, and z-component of the spin operators,

respectively, for the effective spin-1/2.
7'2'+ |=1/2;) = [1/24), 7'2'+ 11/2;) =0
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7 |=1/20) = 0, 7 |1/20) = |=1/2)
TP IL/2) = 3 11/2:), 77 |-1/2%) = —51-1/2:)
Rearranging the terms in Eq. (4.3.5) we get the effective Hamiltonian as,
Gl V0 SV S O R S R 1Y)
’ 9 2°\0 0 10 10 00 0 -1 0 -1
— 49J{ X (;(Tj T+ ®T )+ ® rf) _ :‘fé X <;(Ti+ QT T @7 )+ ® T;)
_ 4(J{9 J3) ZT .
(4.3.6)

The final form of the effective spin-1/2 Hamiltonian is given by
Het = JeHZTi‘Tj, (4.3.7)
7

A(J1=J3)
g

where Jog =

4.3.2 AFM (QLRO) phase

The Hamiltonian in Eq. (4.2.1) reduces to the frustrated J; — Jo model at J; = J; with uniform
AFM NN and NNN couplings. The gs degeneracy at gug = Jo/J1 = 0.5 (Majumdar-Ghosh
(MG) point) is between even and odd states under inversion symmetry that is broken in dimer
phase [228, 229]. We define E, and E,, as the excitation energy to the lowest singlet and
triplet, respectively. Both have finite-size contributions. Motivated by field theory, Okamoto
and Nomura [253] argued that the gapped dimer phase with doubly degenerate GS must have
two singlets below the lowest triplet. In finite systems, the singlet and triplet cross at g*(IV)
where E, = E,,. They found ¢*(NN) exactly up to N = 24, noted the weak size dependence and
extrapolated to gon = 0.2411, the quantum critical point at which an exponentially small gap
(Ey,) opens. The excitations E,, and E, are well known for HAF at J; = 0 in Eq. (4.2.4). To

lowest order in logarithmic corrections, Woynarovich and Eckle report [396]

w2 1
En(N) = 5 (1 - 2lnN) (4.3.8)

Fig. 4.5 illustrates the evolution of E,, and E, with increasing frustration g = Jo/J; for
0.4 < Jj/J; < 1.0 with L = 24 spins. The singlet-triplet crossing points are listed in Table 4.9.
The singlet and triplet levels intersect at ¢g*(24) = 0.241 where E,, = E, for J; = Ji. As
the inter-trimer exchange (Jj) decreases, the crossing point g* increases, shifting the AFM
(QLRO)-dimer transition point to a higher value. Below Jj/J; = 0.4, the dimer phase does not

appear. The colored solid circles in Fig. 4.5 indicate the crossing points at various J|. At lower

74



Chapter 4. Phase diagram of spin-1/2 coupled trimer chains

0.3
> L=24

R N 10,
28 SRR
5 0.2 RN — 0.4
= N _
) 0.5
= 0.6
S — 0.7
= 0.8
E 0.1 — 09
0 — 1.0

0 \ \ \ \ =33

0 0.1 0.2 0.3 0.4

J2/J1

Figure 4.5: Excitation energy of Eq. (4.2.1) for N = 24 with PBC for Jj/J; > 04. E,,
represents the lowest triplet and E, denotes the lowest singlet with opposite inversion symmetry.
The crossing points where E,, = F, are indicated by solid colored circles.

Table 4.9: Crossing points ¢*(J2/J1, L), where E,, = E,, are presented for J| = 0.4, 0.6, 0.8,
and 1.0 for various system sizes L = 12, 18, 24. The extrapolated values of these crossing points
are listed in the last row of the table.

T /I =04 | J[/Ji =06 ] Ji/Ji =08 | J|/J = 1.0
gx(J2/ ) | gx(J2/N1) | g% (J2/J1) | g*(J2/]1)
L=12 0.351 0.263 0.239 0.245
L =18 0.316 0.253 0.234 0.244
L=24 0.303 0.248 0.233 0.242
L~ 0.287 0.244 0.231 0.241

inter-trimer exchange (J7), a stronger NNN exchange (J2) is required to induce dimerization in
the system, resulting in a small gap opening up. Extrapolation of the crossing points has been
done to accurately determine ¢g*(.J{, J2), and the extrapolated values are listed in Table 4.9.

The blue region in the phase diagram (Fig. 4.2) denotes the spin-fluid region.
In case of 1D spin—1/2 HAF model, spin correlations behaves as [106] :

Cy

G (=1)"log(r)”
r2

Clr) ~ =L 4+ 0y (4.3.9)

with ¢ = 0.5. Similarly, in the regular J; — Jo model, spin correlations exhibit quasi long-range
order (QLRO) at wave vector g¢ = w for Jy/J; < 0.2411 and short range order (SRO) at
wave vector gqg = 7 for 0.2411 < Jy/J; < 0.55 [334]. To understand the effect of inter-trimer
exchange (J7) on these correlations in the spin-fluid region, we compute the longitudinal spin
correlation C(r) = (S§S7) for a system size of L = 96, using a reference site positioned at the

center of a trimer. The spin configuration is shown in Fig. 4.6(a), where the spins are aligned
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(a)

0.1¢
L L =96 (b)

Figure 4.6: (a) Schematic spin configuration in the AFM (QLRO) phase, illustrating antifer-
romagnetic spin alignment along the z-axis. (b) Longitudinal spin correlations (C(r)) in this
phase for (J1/J1,J2/J1) = (0.10,0), (0.25,0.1), (0.50,0.2), (0.75,0.2), and (1.0,0.2) with a sys-
tem size of L = 96. The correlations are fitted with a power law with logarithmic correction,
indicated by dashed lines. The correlation behavior for the J; — Jo model at J{ /J1 =1 closely
follows a power law (~ 1/7), as indicated by the violet line. (c) Structure factor for the same
parameter values (J1/J1, Jo/J1) diverges at ¢ = 7.

antiferromagnetically. Fig. 4.6(b) shows the spin correlation in the spin-fluid region for several
values of J{ and Jo. We found that the spin correlations follow a power law with logarithmic
correction even in the presence of inter-trimer exchange (.J]). The power coefficient (o) increases

as J| decreases.

The static structure factor S(g) is the Fourier transform of spin correlations in the ground

state, defined as:

S()=Y < S, - 1> el (4.3.10)

The wave vector in the first Brillouin zone are ¢ = 27rm/N with m = 0, £1, ..., N/2; ¢ is
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discrete in finite systems, continuous in infinite chain. We consider S(gq) with spin correlation
function C'(r) =< S§S? > in Eq. (4.2.1). The sum over all spin correlations is S(0) = S(S +
1)/N; it is zero for a singlet gs. The sum over ¢ in the Brillouin zone and limit L ~ oo lead in
general to the sum rule since C(0) = 3/4 for S = 1/2.

i%:S(q; nin) =5 == [ dosta (43.10)

When C(r) has a finite range, S(¢) remains finite, and the sum in Eq. (4.3.17) becomes
constant once the system size exceeds the correlation length. In a regular J; — Jo model at
J{ = J1, spin correlations are confined to neighbors at the MG point J2/J; = 1/2, where the

exact ground state for even L results in

S(g;1/2) = 2(1 — c0sq) (4.3.12)

The size dependence is entirely in the discrete ¢ values. The Brillouin zone 0 < q < 27
conveniently displays the peak S(g = m;0, L), which increases with system size L and is known
to diverge in the infinite chain, indicating QLRO(7) [3, 308]. The area under the curve is
conserved according to Eq. (4.3.17). The peak remains at ¢ = 7 for several values of J] and Jo
with a system size of N = 96, as shown in Fig. 4.6(c), defining the QLRO(7) phase. The smaller
peaks are due to the different environment of the reference site and the presence of inter-trimer
interactions (J]). As the inter-trimer interactions (J1) decrease, the peaks at ¢ = 7/3 and 57/3

become more prominent due to trimerization.

4.3.3 Incommensurate (IC) phase

The incommensurate (IC) phase becomes stable for strong NNN exchange, J2/J; > 0.6. In this
phase, the spins align antiferromagnetically in a spiral pattern with a wave vector between 7/2
and 7, as depicted in Fig. 4.7(a). This IC phase can be divided into two regions based on the
value of inter-trimer NN exchange Ji. In the region where 0.5 < Jj/J; < 1, spin correlations

follow a spiral pattern with exponential decay, expressed as
C(r) ~ e Csin(br + ¢), (4.3.13)

where ( is the correlation length and 6 is the pitch angle. This is referred to as the gapped IC
phase due to the presence of a gap in the excitations. In the region with weak inter-trimer NN
exchange (0 < J{ < 0.5), spin correlations exhibit a spiral nature with algebraic decay, given
by

C(r) ~ r~Fsin(0r + ¢), (4.3.14)
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where k is the coefficient of the power law and 6 is the pitch angle. This is referred to as the
gapless IC phase as the excitations are gapless in this phase.

Fig. 4.7(b) illustrates the correlations in this phase for various values of inter-trimer NN
exchange J{ with a fixed NNN exchange Jo/J; = 0.8. The top layer of Fig. 4.7(b) shows the
spiral nature of correlations fitted with a sinusoidal function with algebraic decay for weaker J7,
while the bottom layer shows the spiral nature of correlations fitted with a sinusoidal function

with exponential decay for strong inter-trimer NN exchange J].
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Figure 4.7: (a) Schematic spin configuration in the incommensurate (IC) phase, showing
a spiral pattern of spin alignment. Longitudinal spin correlations (C'(r)) in this phase for a
fixed Jo/J; = 0.8 with a system size of L = 96: (a) for Jj/J1 = 0.10, 0.25, 0.45, and (b) for
Ji/Ji = 0.60, 0.75, 1.0. In (a), these correlations are fitted with a sinusoidal function with
exponential decay, and in (b), they are fitted with a sinusoidal function with algebraic decay,
shown by solid colored lines. (d) Structure factor for the same parameter values (J;/J1, Jo/J1)
diverges near ¢ = m/2 and 37 /2.

The structure factor in the IC phase diverges between 7/2 < ¢ < 7. Fig. 4.7(c) shows the
structure factor for several values of inter-trimer NN exchange J| with a fixed NNN exchange
Jo = 0.8 for a system of N = 96. In this case, the structure factor peak diverges at ¢ = /2.

The smaller peaks are attributed to the effects of inter-trimer interactions.
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4.3.4 Gapped dimer phase

In the regular J; — Jo model described by Eq. (4.2.4), at J{ = Jp, the Majumdar-Ghosh (MG)
point at Jo/J; = 0.5 has exact ground states for an even number of spins L. The ground
state is doubly degenerate and form singlet dimer and they are represented by the Kekulé
valence bond (VB) diagrams and it’s wave function is written as [¥MG) = vaz/f [20 — 1,24,
[WMCY = [N/2[2i,2i + 1], where [i, j] singlet dimer [i,j] = %(mj — 1itj). At the MG point,
spin correlations are confined to neighboring spins, and the structure factor follows the relation
5(4:1/2) = (1 cosq).

As we reduce the intertrimer interaction (J7), the dimer phase still exist up to J;/J; = 0.4,
but the ground state is no longer a doubly degenerate state. The spin configuration in this dimer
phase is shown in Fig. 4.8(a), where the magenta shaded ellipse denote the singlet dimer state
(|%(T¢ — 11)). Fig. 4.8(b) presents the structure factor (S(¢)) in the dimer phase for various
values of intertrimer exchange J| with a fixed NNN exchange J2/J; = 0.5. The structure factor
spreads around ¢ = , but there is a deviation from (1 — cosq) due to the trimerization in the

system.

Bond-bond correlation— To further understand this phase we compute the four-point cor-
relation function of the most distant bonds, p = 2n, at frustration J/J; in increasingly large

L = 4n chains
04(p7 J{/‘]lv J2/J1) = <SfS§S§n+15§n+2> (4'3'15)

The next most distant bond has p = 2n — 1 and correlation function Cy(2n — 1, Ji, J2). The

difference is
Dy(2n, J1/ 1, Jo/ J1) = Ca(2n, J{/J1, 2/ J1) — Ca(2n — 1,01/ J1, 2/ J1) (4.3.16)

Fig. 4.8(c) shows the difference in bond-bond correlations between the two most distant bonds
as a function of NNN exchange Jo/J1 (0 < Ja/J1 < 0.7) for various values of intertrimer NN
exchange interactions J{. The amplitude of 32D4(2n, J]/J1,Jo/J1) is unity at the MG point
(J{/J1 =1, Jo/J1 = 1/2). When the intertrimer NN exchange Jj/J; is reduced from 1, the
peak position of J/J; where 32Dy (2n, J]/J1, J2/J1) is maximized decreases, and its amplitude
also decreases from unity. This dependence is strong in the gapless phase and weak in the dimer

phase due to the large gap.

4.3.5 Trimer-dimer transition

A first-order phase transition occurs from the trimer to the dimer phase as the inter-trimer

exchange (J7) varies from lower to higher values. To understand this trimer-dimer transition,
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Figure 4.8: (a) Schematic spin configuration in the gapped dimer phase, illustrating the
formation of dimers between pairs of spins. (b) Structure factor for J;/J; = 1.0, 0.75, and 0.50
with a fixed Jo/J; = 0.50, obtained for a system size of L = 96, spreading near ¢ = 7. (c)
Bond-bond correlations between the two most distant bonds, showing maximum values near
the dimer phase and vanishing to zero in the AFM (QLRO) phase.

we calculate the Fourier transform of bond-bond correlations in Eq. (4.3.15), defined as follows:
S'a) = 3 (387157 4ySian ) €7, (4:317)

where the distance between two bonds is p = 7’ — r. In the dimer phase, the unit cell consists
of two spins, causing the Fourier transform of bond-bond correlations (S'(¢)) to diverge at
q = 2m/2 = ©. Conversely, in the trimer phase, the unit cell comprises three spins, leading
S’(q) to diverge at ¢ = 27/3 and 4w /3. Fig. 4.9 illustrates the Fourier transform of bond-
bond correlations (S’(¢)) for various values of inter-trimer NN exchange J7, with a fixed NNN
exchange of Jo/J; = 0.5.
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Figure 4.9: Fourier transform of bond-bond correlation for a fixed Jy/J; = 0.5 with system
size of L = 96: (Top) Ji/J1 = 1.0, 0.75, 0.50 diverge at ¢ = 7/3 and (b) Jj/J1 = 0.35, 0.25,
0.10 diverge at ¢ = 27/3, 47/3.

4.4 Conclusion

In this study, we investigate the ground state properties of a quasi-1D spin-1/2 coupled trimer
model with nearest-neighbor (NN) intertrimer exchange .Jq, intertrimer exchange Ji, and next-
nearest-neighbor (NNN) intertrimer and intertrimer exchange Jo. The model simplifies to the
uniform J; — Jo model when J| = J;. For J| < Ji, the uniform model transforms into trimers

connected by J; and Js.

Within each trimer, spins interact via Ji and Jo, where Js tends to homogenize the chain,
while J] induces trimerization, adding frustration. In isolated trimers (J; = 0), two spins form
a singlet pair, leaving one spin unpaired, contributing to magnetization. Hence, a system of
L spins with % isolated trimers is expected to have a high spin ground state (S* = %) in
finite systems, unlike a uniform system with a singlet ground state (5% = 0). strong J; and Jo
destabilize the high spin ground state. At J; > 0.5.J;, the system shows no high spin ground
state and exhibits phases similar to the uniform J; — Jo model, though phase boundaries shift
due to weak trimerization.

Based on the results from excitation gaps, level crossing, spin correlations, structure factors,
and bond-bond correlations, we construct a quantum phase diagram (QPD) in the J] /J1—J2/.J1
parameter space. The QPD is divided into two regions: for weak intertrimer exchange (0 <
Ji/J1 < 0.4), there are three distinct phases: spin fluid (SF), trimer or high spin ground state,
and gapless spiral. For strong intertrimer exchange (0.4 < J{/J; < 1.0), the SF and spiral

phases with a gap persist, and a gapped dimer phase emerges between them. Additionally,
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we notice a first-order phase transition from the trimer to the dimer phase as the intertrimer
exchange (J7) increases. In the dimer phase, where each unit cell contains two spins, the Fourier
transform of bond-bond correlations (S’(q)) diverges at ¢ = w. Conversely, in the trimer phase,

where each unit cell consists of three spins, S'(¢) diverges at ¢ = 27/3 and 47/3.
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Chapter 5

Emergent Quadrupolar Order in the Spin-1/2
Kitaev-Heisenberg Model

5.1 Introduction

Quantum spin liquids (QSLs) represent a quantum phase of matter that challenges traditional
understanding by lacking magnetic long-range order (LRO), yet they may exhibit global topo-
logical order [18]. These elusive states emerge in frustrated magnetic systems, where competing
spin exchange interactions not only foster the QSL state but also lead to complex entangled
states such as dimer formations, fractional excitations like spinons, and Majorana excitations
in the ground state (gs) [37, 75, 88, 138, 187, 311, 316, 397, 412]. A key development in un-
derstanding QSLs was the Kitaev model, which proposed spin-1/2 particles on a hexagonal
lattice with direction-dependent exchange interactions, introducing frustration into the system
[184]. The gs of this model is a QSL, characterized by Majorana fermions and gauge vortices
as elementary excitations [22, 23, 25, 144, 211, 230].

The experimental pursuit of the Kitaev model has prominently featured Iridium-based ma-
terials such as AlrOs (A=Na, Li), where Ir atoms form a honeycomb structure [155, 330].
In these materials, the octahedral coordination of ligands induces a crystal field, splitting the
Ir d-orbitals into t2, and e, levels. Strong spin-orbit coupling further splits the o, orbitals,
allowing the two highest states of each to mimic effective spin-1/2 degrees of freedom. This
results in orbital-dependent, directionally anisotropic spin exchanges, i.e., so-called Kitaev in-
teractions [357]. However, the Kitaev-Heisenberg (KH) model, incorporating residual nearest-
neighbor Heisenberg interactions, offers a more realistic description of the magnetic properties
of these materials [47]. Similar Hamiltonians have been proposed for materials like a-RuCls
[20, 76, 162, 343, 357, 394], 5-Li2IrO3 [162, 176, 350, 357, 394], and ~-LisIrO3 [357, 358].

The gs phase diagram of the honeycomb-lattice KH model has been extensively studied,
revealing four magnetic LRO phases (Néel, zigzag (ZZ), stripy (ST), and ferromagnetic (FM))
and two QSL phases; FM Kitaev (FK) and antiferromagnetic Kitaev (AFK) QSLs by tuning
the Heisenberg and Kitaev interactions [47, 98, 116, 315]. However, the potential for a quantum
phase involving multi-polar spin states, such as a quadrupolar (QP) or spin-nematic state, in the
KH model remains largely unexplored. From an experimental perspective, third-order positive
susceptibility probing a higher-order correlation such as QP has been observed at zero magnetic

field in a-RuCls [149]. Yet, the intricate mechanisms behind these observations are not fully
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elucidated. In addition to these experimental findings, the present study is further motivated
by the inclusion of a staggered QP operator in the Hamiltonian of the KH model (see below).

The QP phase, established in liquid crystal systems [8, 177, 178, 236], manifests in mag-
netic systems as spin nematics, where magnetic quadrupole moments create orientational order
without magnetic LRO [206, 210, 361]. Initially identified in spin-1 systems with biquadratic
exchange [32], this order has been explored in various Heisenberg spin-1 models [152, 270, 351].
Extending this concept to spin-1/2 systems has spurred research, particularly in J;—Js chain
systems under strong magnetic fields [148, 264, 341]. In the context of Kitaev systems, a spin-
nematic phase in the spin-1/2 Kitaev-Ising model has been predicted, arising from the interplay
between Kitaev QSL and magnetic LRO, but lacking topological order [244]. Additionally,
four-body interactions among Majorana fermions in the Kitaev QSL could induce a topological
nematic phase transition, evolving from the chiral QSL phase to the toric code phase [348].

In this chapter!, we explore the gs dynamics of the spin—% KH model, focusing on the QP
order. We investigate two geometries: the 2-leg ladder and the two-dimensional (2D) honeycomb
lattice, using exact diagonalization (ED) and density-matrix renormalization group (DMRG)
methods. Our primary contribution is a detailed exploration of the QP order parameter and
correlation functions within these systems. We present a novel gs phase diagram highlighting
the QP order as a function of the ratio between Heisenberg and Kitaev interactions. A striking
aspect of our findings is the robust presence and stability of QP order across a wide range of the
phase diagram, with a notable enhancement near the Kitaev QSL phases. This enhancement
occurs despite the absence of longer-range spin-spin correlations, adding a new dimension to

our understanding of the interplay between QP order and QSLs.

5.2 Quadrupolar operator

The QP state emerges as a quantum ordered phase characterized by collective bimagnon excita-
tions. This intriguing state, while exhibiting a preference for the orientation of paired magnons,
notably does not break time-reversal symmetry. Its detection hinges on the analysis of a sym-

metric and traceless rank-2 tensor operator [266]:
A 2
Q5 = 578] + 5757 — 3(5i-55)0as (5.2.1)

where a and [ represent the Cartesian coordinates such as z, y, z. As explained below, the
Hamiltonian of the KH model can be reformulated to explicitly include a specific component of
Eq. (5.2.1):

2_,2 1 — o
Qi " = 5SS 815, (5-2.2)

!The work reported here is based on the paper “Emergent Quadrupolar Order in the Spin-1/2 Kitaev-
Heisenberg Model”, by Manodip Routh, Sayan Ghosh, Jeroen van den Brink, Satoshi Nishimoto, Manoranjan
Kumar in Phys. Rev. B 109, 1220403 (2024)
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Figure 5.1: Lattice structures used in our calculations: (a) KH ladder or brickwall lattice
which is obtained by deforming the honeycomb-lattice KH model. (b) 2-leg KH ladder. (c)
24-site honeycomb-lattice KH cluster with periodic boundary conditions.

5.3 Model Hamiltonian

We consider a spin-1/2 KH model on both a ladder and a honeycomb lattice [47]. The Hamil-

tonian is given by
H=J) Si-Sj+K> > S, (5.3.1)
i,7 R

Where S; is the v (= z, y, or z) component of the spin-1/2 operator S, at site i. Here, J
and K denote the Heisenberg and Kitaev interactions, respectively. To facilitate analysis, we
introduce an angular parameter ¢ (€ [0, 27]), defining J = cos ¢ and K = sin ¢.

For the ladder or cylinder geometry, the Hamiltonian is adapted to include the spin-1/2
operator gz',j at site ¢ on the j-th leg:

L
2J+K = _
Hieg = ZZS;FJSHIJ STJS:HJ)
7j=11i=1
+5 ZZ DHQ ) +JZZ F)
j=11=1 Jj=11i=1
= Hexe + Hq + Ha- (5.3.2)

In this formulation, Hq signifies the QP operator. Its dominance suggests the potential stabi-
lization of QP order. The possibility of QP order arising through similar mechanisms has been
previously discussed in the context of Ji-J chain systems under magnetic fields [117].
Although the Kitaev model was originally proposed for the honeycomb lattice, it is recog-
nized that any three-coordinated lattice with Kitaev interactions can exhibit similar intriguing
properties. In this sense, the KH model on a 2-leg ladder [Fig. 5.1(b)], derived from a brick-

wall lattice analogous to the honeycomb lattice, aligns with the necessary geometry. This
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alignment indicates that the 2-leg KH ladder can offer vital insights into the behavior of the
2D honeycomb-lattice KH model. Notably, the gs phase diagram of the ladder model displays
significant similarities with the 2D counterpart in terms of magnetic order and Kitaev QSL,
with the key distinction being the replacement of the Néel phase by the rung-singlet (RS) phase
[6, 44]. Therefore, initiating our investigation with the 2-leg KH ladder is a strategic choice.
This setup not only allows for precise numerical calculations but also facilitates reliable ex-
trapolations to the thermodynamic limit, essential for exploring novel phenomena in the 2D
KH model. Building upon this, we extend our investigation to 4-leg and 6-leg cylinders [Fig.
5.1(a)], progressively approaching the 2D bulk limit. This systematic increase in the number of
legs serves to bridge our understanding from the simpler ladder systems to the more complex

dynamics inherent in the full 2D KH model.

5.4 Methods

To investigate the intricate dynamics of the KH model, we employ two complementary com-
putational techniques. For the 2-leg ladder system [Fig. 5.1(b)], encompassing system sizes
up to 12 x 2, and for the 24-site periodic boundary condition (PBC) cluster [Fig. 5.1(c)], we
utilize the exact diagonalization (ED) method. For larger systems, specifically extended 2-leg
ladders, as well as 4-leg and 6-leg cylinders [Fig. 5.1(a)], we implement the DMRG method.
In our DMRG calculations, we retain up to 5000 density-matrix eigenstates during the renor-
malization process. This high number of kept states ensures the accuracy of our results, with
the largest discarded weight being maintained at an impressively low level of approximately
2 x 107°.

5.5 Quadrupolar order in the 2-leg ladder

We commence our analysis with the 2-leg ladder system. To obtain a comprehensive phase

diagram for QP order as a function of ¢, we calculate the QP order parameter (Q;-E]-Ly2> using
ED. Our findings, focusing on a single bond along the leg, are depicted in Fig.5.2(a). We find

A~

that <ij2_92> exhibits finite values over a broad range of ¢ (0.487 < ¢ < 1.567) with minimal
finite-size effects. This order parameter parameter shows significant values in the AFK, FK,
and ZZ phases of the magnetic phase diagram, while it rather diminishes in the FM phase
[Fig.5.2(b)]. Conversely, when i and j are positioned on a rung bond, (Qf;*y% consistently
equals zero.

To further substantiate these findings, using DMRG we compute leg-leg and rung-rung QP

correlation functions, defined as:
Protn(r) = (87,85 1 i SirnSiztrn) (5.5.1)
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Figure 5.2: Results for 2-leg KH ladder. (a) Absolute values of the QP order parameter for leg
bonds with various system sizes. The inset represents the same physical quantity but without
taking absolute values. (b) Ground-state Phase diagram for magnetic order (inner) and QP
order (outer). Four long-range ordered phases: rung-singlet (RS), zigzag (ZZ), ferromagnetic
(FM), stripy (ST) and two QSL phases: antiferromagnetic Kitaev (AFK) and ferromagnetic
Kitaev (FK). (c¢) Compilation of the behavior of the QP correlation functions |Ppir1(r)| with
N =100 x 2 cluster for representative parameters (see text). (d) Inter-leg and rung-rung QP
correlation functions at ¢/m = 0.5, 1.2, and 1.5. Inset: Examples for the cases where the QP
correlation function exhibits an exponential decay.

and

Prr(r) = <S;msgm 1 SirmSitrmi1)s (5.5.2)

respectively. The results, summarized in Fig.5.2(c,d), reveal that the intra-leg correlation
Prip1(r) exhibits QP LRO within the ¢ range where <ij27y2> is finite. Note that Ppipi(r)
alternates in sign with distance. Meanwhile, near both Kitaev points ¢ = £7/2, the inter-leg
correlation Ppir2(r), and near the FK phase, the rung-rung correlation Prr(r), also exhibit QP
LRO. Unlike Pri11(7), both Pripe(r) and Prr(r) are always positive. Interestingly, despite the
rung QP order parameter being consistently zero across all ¢ values, Prr(r) still exhibits LRO
in the FK phase. This suggests that states of QP order with broken spin-rotational symme-
try are degenerate, leading to a zero local order parameter, yet detectable through correlation

functions.
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From these correlation function analyses, the ¢ domain for QP order can be classified into
four phases: QP1 (only Ppip1(r) shows LRO), QP2 (both Ppi11(r) and Pripa(r) show LRO),
QP3 (all of Prip1(7), Pripa(r), and Prgr(r) show LRO), and a phase with no QP LRO. In Fig.5.3
schematic picture of quadrupolar states is shown. Both Prir2(r) and Prg(r) are always positive
i.e. indicates non-staggered behaviour. The first type of phase involves the confinement of two
spin flips along the leg, as depicted in Fig.5.3(a). This phase is denoted as QP; and exhibits
long-range order along the leg (Pr,11,1(r)). The second type of phase is QP2, featuring long-range
pair correlation along the same leg (Pp11,1(r)) and across the leg (PLi12(7)), as illustrated in Fig.
5.3(b). The third type is QP3, exhibits long-range pair correlation along the rung (Prr(r)), the
same leg (Prir1(r)), and across the leg (Prir2(r)), as shown in Fig. 5.3(c).

Figure 5.3: Spin nematic state expected for a KH ladder. Schematic representation of bound
pairs of magnons moving in a background of polarized spins. Here, most of the spins colored
as blue and magenta arrows align in +z or —z directions, respectively. Flipped spins (black
arrows) gain energy by propagating as bound pairs along (a) same leg in QP phase, (b) both
the same leg and across the leg in QP45 phase, (¢) rung, same leg and across the leg in QP3
phase. (d) Phase diagram for magnetic order (inner) and QP order (outer).

The correspondence with the magnetic order phases is shown in the phase diagram in
Fig.5.2(b). The phase diagram for QP order can be reasonably explained by considering the
spin structures of the corresponding magnetic phases. In the FM phase (0.81 < ¢/7 < 1.38),
the near-full magnetization results in smaller values of P11 (r) and \(ijz_yQ
without Hq at ¢ = m. The ZZ phase (0.53 S ¢/m < 0.81) exhibits Ising-type LRO in each leg

with opposite polarization between legs [6], leading to the anticipated development of Ppi12(r).

)|, and they vanish

However, Prr(r) does not show LRO due to antiparallel spin orientation on the rungs.

The ground state properties of ZZ phase can be analyzed using the wave function. The wave

function at ¢ =~ 0.657 can be written as follows,
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N/2
Y(p) ~ [(C1+ Z Ca(— S 1Sm+1 1t SmaSmi12) + C3SF m19m.2)
N/2 N/2
+ Z CaSp 1S90 1m0+ HSHHT
m#n=1
N/2
+ [(C1+ Z Co(=1)"™ (S, 1Sme11 t + 5,5 Sm+1 o) + 038, ,15;,2)
N/2 N/2
+ Z CaSpm1Sma1,150, 15411 T+ H S 1)
m#n=1
+ . (5.5.3)

where, |f}) and |{}) denote spin-up and spin-down states, respectively. The largest coefficient C}
corresponds to two configurations where spins in one leg align along the +z direction and spins
in the other leg align along the —z direction. The next dominant configurations with coefficients
C5 and Cjs correspond to 2N and N configurations, exhibiting a simultaneous double spin flip
along the leg and the rung. C} corresponds to 2N configurations with a simultaneous four-
spin flip along the leg. The contributions from other configurations involving multiple spin
flips are comparatively small. The system size dependence of these coeflicients is shown in the
Table. 5.1. Due to the large quantum fluctuations in this phase, all the configurations contribute

substantially to the QP order, which accounts for the highest QP order in this phase.

Table 5.1: Dominant coefficients of the ground state wave function in the zigzag phase at
¢ = 0.65m with N =8 x 2 and 10 x 2 sites ladder.

Coefficients | N =8 x 2 | No. of diagrams | N = 10 x 2 | No. of diagrams
Cy 0.43387 2 0.34001 2
Co 0.09194 32 (2N) 0.07170 48 (2N)
Cs 0.08103 16 (N) 0.06424 16 (N)
Cy 0.02541 32 (2N) 0.01947 48 (2N)

In the RS (—0.26 < ¢/m < 0.48) and ST (1.57 < ¢/ < 1.74) phases, the each leg possesses
a Néel-type LRO, precluding the dominance of the Hq term. Thus, a QP order is absent.

In the AFK (048 < ¢/m < 0.53) and FK (1.38 < ¢/m < 1.57) phases, the competition
between dipole fluctuations (Hexc) and QP fluctuations (Hq) complicates gs determination.
Nevertheless, the larger coefficient of Hq supports the emergence of QP order along the leg, as
corroborated by our numerical results. Remarkably, in the FK phase, the rung QP correlation
function Pgrpr(r) also exhibits LRO, with a saturation value exceeding Ppi11(r). This is at-

tributed to the FM Ising character of rung interactions, conducive to bimagnon formation [324].
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The gs wave function in the FK phase at ¢ &~ 1.537 can be approximated as,

N/2
Y(g) =~ [Ci+ Z C28,15m 4115250 +12 T S 1 Sm 250150.2) 1)

m=n=1
N/2

+ (Gt Z CQSi,IS;LH,lS:{,zS:{H,z +S;L,1S:zr1,25;15;2 W]+ (5.54)

m=n=1
Here, double spin flips occur only along the rung. C corresponds to configurations where all
the spins align along +z or —z direction. C5 corresponds to simultaneous double-spin flips along
rung. Due to strong Kitaev interaction, quantum fluctuations are very high in this phase, and
coefficients are comparable. The other configurations with multiple spin flips are with small
contributions. These configurations contribute significantly to the QP order parameter, which

is finite in this phase.

Given these insights, we hypothesize that QP order might also be present in the 2D hon-
eycomb KH system, akin to the 2-leg ladder scenario. To test this hypothesis, we extend our
investigation to isotropic honeycomb cluster as well as 4-leg and 6-leg cylinders, in the parts

that follow.

03k —©—24PBC

h st QPxy2

¢/
Figure 5.4: Results for honeycomb-lattice KH model. (a) Absolute values of the QP order
parameter for z or y bond, calculated using the 24-site PBC cluster. For comparison, those
for the 2-leg KH ladder are also plotted. The inset represents the same physical quantity but

without taking absolute values. (b) Ground-state Phase diagram for magnetic order (inner) and
QP order (outer).

5.6 Quadrupolar order in the 2D honeycomb lattice

Analogous to the approach for the 2-leg ladder, we first aim to grasp the overall picture of the
QP order phase diagram as a function of ¢ by calculating the QP order parameter using ED on
the 24-site PBC cluster.The results, illustrated in Fig. 5.4(a), are compared with those from the
2-leg ladder. In the context of magnetic order phases for the 2D honeycomb-lattice KH model,
the QP order parameter is finite in the AFK (0.494 < ¢/7 < 0.506), ZZ (0.506 < ¢/7 S 0.847),
FM (0.847 < ¢/m < 1.452), FK (1.452 < ¢/n < 1.539), and ST (1.539 < ¢/7 < 1.694)

~ ~

phases, and it is zero only in the Néel phase (—0.306 < ¢/m < 0.494). While the results are
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fundamentally similar to those for the 2-leg ladder, a notable difference is that the QP order
parameter remains finite even in the ST phase. For the z-bonds, similar to the rung QP in the

2-leg ladder, the QP order parameter is zero.
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Figure 5.5: DMRG results for the QP correlation functions Ppi1,1(r) at representative value
of ¢ for six quantum phases using 2-leg, 4-leg, and 6-leg cylinders.

To ascertain the persistence of QP order in the bulk limit, we compute QP correlation
functions using DMRG for 4-leg and 6-leg cylinders, in addition to the 2-leg ladder. Focusing
on the intra-leg QP correlation function, Pp,11,1(r), we observe in Fig. 5.5 that, consistent with
the QP order parameter results, P11,1(r) converges to a finite value in the long-distance limit
for all magnetic phases except the Néel phase. Importantly, this convergence value does not
diminish with an increasing number of legs, suggesting its stability in the bulk limit. In the

Néel phase, Prir1(r) exhibits a power-law decay indicating no long-range QP order.

The decay of QP correlation functions perpendicular to the leg direction, namely along the
z-bond, is also of interest. We calculate the inter-leg QP correlation function, Ppipn(r), for
various leg distances in a 50 x 6 system. The calculated Ppip,(r) for n = 1 — 3 is plotted in Fig.
5.6. In the ZZ and FM phases, the saturation value of Pp,11,(r) at long distances follows power-
law decay [Fig. 5.6(b,c)], suggesting quasi-LRO along the z-bond direction (QPxyl phase).
Near the Kitaev points (AFK and FK), a rapid decay of inter-leg correlations is observed
[Fig. 5.6(a)], indicating LRO in the xy zigzag direction alone (QPxy2 phase). The ST phase
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Figure 5.6: DMRG results for the inter-leg QP correlation functions, Ppip,(r) forn =1 —3
at magnetic ordered phases, including ZZ (¢/m = 0.65), FM (¢/7m = 1.2), ST (¢/7 = 1.6) and
QSL phase (¢/m = 0.5), using 6-leg cylinders.

presents a unique case, where the decay along the z-bond direction does not follow a simple
pattern [Fig. 5.6(d)], hinting at the potential for LRO (QP2D phase). For all ¢ values, the
rung-rung QP correlation function, Prg(r), exhibits exponential decay for both 4-leg and 6-leg
cylinders. The correspondence between QP order and magnetic order is summarized in the
phase diagram in Fig. 5.4(b). A notable distinction from the 2-leg ladder case is the presence
of QP order in the ST phase, likely due to the unique orientation of ST order in this setting,
although the magnitude of QP correlations in this phase is relatively small compared to other

phases.

5.7 Conclusion

We have explored the gs dynamics of the spin—% KH model, focusing particularly on the emer-
gence and characteristics of QP order. Our study spans two distinct geometries: the 2-leg ladder
and the 2D honeycomb lattice. Employing a synergistic approach combining ED and DMRG
techniques, we have meticulously analyzed the QP order parameter and correlation functions in
these systems. Our key contribution is the unveiling of a comprehensive gs phase diagram, which
distinctly maps out the QP order in relation to the interplay between Heisenberg and Kitaev
interactions. A notable discovery is the pronounced stability of QP order across a broad range
of the phase diagram, underscoring its robustness in the KH model. Additionally, our findings
reveal a remarkable enhancement of the QP order parameter and its correlation functions near
the Kitaev QSL phases. This enhancement is particularly intriguing as it occurs in the absence

of long-range spin-spin correlations, suggesting a nuanced relationship between QP order and

92



Chapter 5. Quadrupolar Order in the Spin-1/2 Kitaev-Heisenberg Model

QSLs. In fact, the third-order positive susceptibility, indicative of a general signature of QP
order, has been observed in a-RuCls [149], where the relationship between K and .J appears to
be —K > J > 0 [400], suggesting a proximity to the FK QSL phase.

These insights not only advance our understanding of the KH model but also contribute
significantly to the broader discourse on quantum magnetism in low-dimensional systems, high-

lighting the intricate interplay between different types of quantum order.

93






Chapter 6

Impact of Dzyaloshinskii-Moriya in

Kitaev-Heisenberg model on honeycomb lattices

6.1 Introduction

The exploration of new quantum phases in strongly correlated systems has generated consid-
erable interest in Kitaev materials. These materials exhibit bond-dependent interactions that
can lead to quantum spin liquid (QSL) states [184]. In the ideal Kitaev model, spin-3 mo-
ments interact along specific bond directions on a honeycomb lattice, resulting in an exactly
solvable QSL ground state. This state is characterized by fractionalized Majorana fermions and
emergent Zo gauge fields [160, 356]. Jackeli and Khaliullin showed that such bond-directional
Kitaev interactions can be realized in d° transition-metal compounds with strong spin-orbit
coupling [160]. This discovery led to the identification of a class of materials known as Kitaev
materials [145, 282, 294, 347, 395], which are currently being extensively studied.

However, real materials are not ideal and include additional interactions such as Heisenberg
terms, off-diagonal exchanges, and Dzyaloshinskii-Moriya interaction (DMI) [48, 145, 278, 280,
347, 395]. These extra terms can destabilize the Kitaev spin liquid (KSL) phase and lead to
various long-range magnetic orders, such as Néel, zigzag, stripy, or ferromagnetic phases [48, 49,
49, 168, 175, 220, 269]. Among these, DMI is especially interesting because it arises from spin-
orbit coupling in systems without inversion symmetry. It can induce chiral magnetic orders and
topological excitations, possibly converting a gapless quantum spin liquid (QSL) into a chiral
QSL with edge states [85, 86, 240].

The presence of DMI in Kitaev materials has been confirmed in compounds like a-RuCls,
LigIrOg3, and Crls, where it significantly affects their magnetic properties and thermal Hall
responses [19, 52, 395, 399, 401]. Recent studies show that the combined effect of Kitaev and
DMI interactions can lead to new topological magnon effects, such as thermal Hall and magnon
Nernst responses [105, 234, 410]. Applying a magnetic field further changes the symmetry and
strongly influences the topological magnon transport [410].

Additionally, theoretical studies suggest that DMI can stabilize complex spin textures like
skyrmions and vortex states, which are of great interest in the study of topological mag-
netism [214, 371].

Although the original Kitaev spin liquid (KSL) was introduced on a honeycomb lattice, it

is now known that Kitaev interactions on any three-coordinated lattice can lead to interesting
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(a) 2D Honeycomb

Figure 6.1: Schematic diagram of Kitaev Heisenberg (KH) model on (a) 2D honeycomb lattice
(b) ladder with second neighbor Dzyaloshinskii-Moriya interaction (DMI). Solid (dashed) lines
denote the x, y, z Kitaev (Dzyaloshinskii-Moriya) bonds. The black nearest neighbor bonds are
indicating Kitaev exchanges. The red, green and blue dashed second nearest neighbor bonds
are indicating bond dependent DM interactions D¥, DY, and, D?, respectively.

quantum phases. In this regard, a two-leg ladder geometry also meets the necessary geometrical
conditions for realizing Kitaev interactions. Since the combined effects of Kitaev and Heisenberg
interactions in two- or three-dimensional systems can be computationally demanding, it is useful
to first study simpler geometries. A natural next step is to investigate quasi-one-dimensional
systems. In this context, the Kitaev-Heisenberg (KH) model has recently been explored in
detail on one-dimensional spin chains [5] and two-leg ladders [6, 44, 296].

Motivated by numerous experimental and theoretical studies, we investigate the Kitaev-
Heisenberg-DMI (KH-DMI) model on two geometries: the two-leg ladder and the two-dimensional
(2D) honeycomb lattice. We employ exact diagonalization (ED) and density-matrix renormal-
ization group (DMRG) techniques to explore the effect of DMI on the stability of the KSL phase
and the emergence of other novel magnetic phases.

In this chapter, we investigate the effect of DMI on the stability of the KSL phase in two
different geometries. For the two-leg ladder, we find that the KSL phase remains stable for weak
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DMI (0 < D < 0.05), although the phase boundary shifts noticeably. When the DMI becomes
stronger (0.05 < D < 0.1), the system gradually changes from the KSL phase to a non-Kitaev
spin liquid (non-KSL) phase, characterized by exponentially decaying spin correlations. This
change is a crossover rather than a sharp phase transition. Interestingly, the vector chirality
stays non-zero across the entire DMI range, indicating that chiral order coexists with the KSL

phase.

In contrast, for the 2D honeycomb lattice, the behavior is different. The KSL phase survives
only for very weak DMI (0 < D < 0.02). In the strong DMI regime, the system develops a
vortex state. These findings underline the significant role of dimensionality in determining the

nature of quantum phases.

The chapter is organized as follows. In Sec. 6.2, we introduce the KH-DMI Hamiltonian
and explain how it is defined on both two-leg ladder and the honeycomb lattice. Section 6.3
describes the computational methods used in this work, including ED and DMRG. In Sec. 6.4,
we present and discuss the results for two-leg ladder, focusing on spin correlations, various order
parameters, and vector chirality. In Sec. 6.6, we compare the results between two-leg ladder

and 2D honeycomb lattice. Finally, in Sec. 6.7, we summarize the main results of the study.

6.2 Model Hamiltonian

The magnetic order observed in Kitaev materials, such as the zigzag order in NagIrOs [56, 219,
408] and RuCls [40, 166], can be stabilized by Heisenberg interactions (J). As a result, the
minimal model that captures the zigzag order in these systems is the Kitaev-Heisenberg (KH)

model.

Another Kitaev material, a-LioIrOs, which is believed to be isostructural to its Na-based
counterpart, also shows magnetic ordering. Resonant magnetic X-ray diffraction and powder
magnetic neutron diffraction experiments on a-LisIrOs reveal incommensurate magnetic order.
In this state, the magnetic moments within the iridium honeycomb layers exhibit counter-

rotating behavior on nearest-neighbor sites [390].

Interestingly, a similar type of magnetic order is also found in the three-dimensional poly-
morphs (-LioIrOg and 7-LioIrO3. Before this experimental discovery, several theoretical works [281,
288] had predicted spiral or other incommensurate magnetic states in the honeycomb lattice,
although none had anticipated the counter-rotating spiral configuration. While earlier studies
focusing only on nearest-neighbor terms emphasized the role of bond anisotropy [182], more
recent work [395] has shown that second-neighbor Dzyaloshinskii-Moriya interaction (DMI),
along with other long-range second- and third-neighbor interactions, is essential to stabilize the

counter-rotating spiral order.

Motivated by these findings, we consider the Kitaev-Heisenberg (KH) model with second-

97



Chapter 6. Dzyaloshinskii-Moriya vs Kitaev Interactions in a Honeycomb Lattice

nearest neighbor (2NN) DMI. The Hamiltonian is given by

H = ZJ@]§1§]+ZK%SZSJ+251] . (5’1 X SZ) , (6.2.1)
(3,9) (4,9) (3,9)

where Ji; ;y and K va (v € {z,y, z}) represent the Heisenberg and Kitaev exchanges on nearest-
neighbor (NN) bonds, respectively, and 5<<ij>> = (D?(ij»’D?(ij))’Df(ij>)) denotes the 2NN DM
vector. The DM vectors are bond-dependent and specified as follows: D?@j)) = (0,—D,—D),
D3<’<Z.j>> = (—D,0,—D), and Df(ij» =(-D,—-D,0).

For convenience, we define an angular parameter ¢ € [0,2x], such that J = cos¢ and
K =sin¢. The strength of the DMI is varied within the range 0 < D < 0.1.

The DMI part of the Hamiltonian in Eq. (6.2.1) can be simplified as:

0 -D -D -D 0 -D -D -D 0
oD (SixS) = > sy sV osp|+ > |sr sy osp|+>, s stost
((a5)) (@) e S}J S S e 5]9 Sz (@) S? Sjy Sz

(6.2.2)

Figures 6.1(a) and (b) illustrate how the two-leg ladder structure can be derived from a two-
dimensional honeycomb lattice. The red, green, and blue dashed lines represent second-nearest-
neighbor (2NN) bonds associated with the bond-dependent DM vectors D*, DY, and D?, re-
spectively. In a ladder with N sites, there are 3N/2 nearest neighbor (NN) bonds and 3N

second nearest neighbor bonds.

6.3 Numerical Method

To investigate the intricate ground state (gs) properties of the KH-DMI model, we employ two
complementary computational techniques. For the two-leg ladder system [Fig. 6.1(b)], encom-
passing system sizes up to N = L x 2 = 12 x 2, and for the 24-site periodic boundary condition
(PBC) honeycomb cluster [Fig. 6.1(a)], we utilize the exact diagonalization (ED) method. For
larger systems, specifically two-leg ladders, we implement the DMRG method. In our DMRG
calculations, we retain up to 1000 density-matrix eigenstates during the renormalization process.
This high number of kept states ensures the accuracy of our results, with the largest discarded

weight being maintained at an impressively low level of approximately 10719,

6.4 Results for Two-Leg Ladder

In this section, we present the results for the KH-DMI model described in Eq. (6.2.1), considering
a two-leg ladder geometry. The model is studied within the parameter space defined by ¢ and
D. The main goal is to understand the effect of DMI in the KSL phase. In addition, we explore
the ground state phase diagram of the KH-DMI model in detail. To identify the ground-state
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phase boundaries, we calculate several physical quantities, as described below.
Energy derivative: We evaluate the second derivative of the ground-state energy (Fy) per

site with respect to ¢, which is defined as

Ej 1 0%E
NN o (6.4.1)

This quantity helps in identifying phase transitions, which appear as maxima or discontinuities
n —E{/N.
Plaquette operator: We also compute the expectation value of the plaquette operator W,
given by
W = (ST555551SYS¢6), (6.4.2)

which acts as an order parameter for the KSL phases. Deviations of W from +1 signal a
transition out of the KSL regime.

String order parameter: For the topological properties of the system, we calculate the string
order parameter (SOP) [44, 517 ], also known as hidden or non-local order. For a two leg ladder

system, it is defined as

j—1

Ostring = lim <Sz15f,2 ( H Sif,l*%g) S;'J,1Sf,2>-
[i=3l=00 k=it1

Here, we choose i = N/4 and j = 3N/4 with system size N = 8n (n: integer) to obtain the

SOP.

Vector chiral operator: In presence of DMI, chiral spin order are expected in set in the
system. The vector chiral order parameter v. cen be characterized by the spin chirality and
defined as s s

Ve = Z Sai_1 X §2z‘+1 = Z§2i X §2¢+2, (6.4.3)
i=1 i=1

where the index i refers to sites within a plaquette, as illustrated in the inset of Figure 6.6.

6.4.1 Phase diagram for finite DMI (D # 0)

The ground state phase diagram of the KH ladder in the absence of DMI (D = 0) consists of
four ordered phases: rung-singlet (RS), zigzag (ZZ), ferromagnetic-xy (FM-xy), and stripy (ST),
along with two spin liquid phases: antiferromagnetic (AFM) Kitaev (AFK) and ferromagnetic
(FM) Kitaev (FK).

The RS phase is characterized by singlet dimers forming along the rungs, with spin corre-
lations showing exponential decay along the legs. The ZZ phase exhibits Ising-type long-range
order (LRO) along each leg, with opposite polarization between the two legs. In contrast, the
ST phase shows Ising-type order along the rungs. The FM-xy phase is a fully polarized phase
in the zy-plane.

The AFK and FK points, at ¢/ = 0.50 and ¢/7 = 1.50, respectively, represent spin liquid
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Figure 6.2: Phase diagram for two-leg ladder around (a) AFM and (b) FM Kitaev region for
two-leg ladder in ¢/m — D parameter space.

states where spin correlations are finite only between nearest neighbors, and the plaquette
operator reaches its maximum value, YW = 1 [5]. These states also exhibit topological features,

as indicated by a finite string order parameter (Ogtring) [44].

Moving away from the AFK and FK points, spin correlations decay exponentially with a
small correlation length. Both W and Ogiring decrease from their maximum values. Recently, we
observe an enhancement of long-range quadrupolar order (QP) order near KSL phases, despite
the absence of long-range spin-spin correlations [296].

Now, in the presence of DMI (D # 0), we investigate the phase diagram in the ¢—D pa-
rameter space. Based on various order parameters and spin correlation functions, the phase
boundaries are identified in the regions around the AFK and FK phases, as shown in Fig-
ures 6.2(a) and 6.2(b), respectively.

The phase diagram can be divided into two distinct regimes depending on the strength of
DMI. For weak DMI (0 < D < 0.05), all the phases present in the standard KH ladder persist,
although the phase boundaries near the AFK and FK regions shift noticeably. In contrast, for
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stronger DMI (0.05 < D < 0.1), the KSL phases weakens and chiral order starts dominating,
we can term this phase as a non-Kitaev (conventional) spin liquid ( non-KSL). In strong D
limit we can call these phase as non-KSL I and non-KSL II corresponding to the AFK and FK
phases, respectively. In presence of FM Kitaev a spiral phase with spiral like correlations and
chiral spin texture emerges in presence of large D.

The KSL phase to non-KSL phase transition is a crossover and it is challenging to clearly
identify the boundary of this crossover. In both phases, the spin correlations decay exponen-
tially. However, the correlation length is shorter in the KSL phase compared to the non-KSL
phase. Since the correlation length varies continuously with increasing DMI, we use a correla-
tion length of {(¢/m) ~ 1 as a rough indicator for the crossover from the KSL to the non-KSL
phase.

The schematic spin configurations of all the robust long-range ordered phases for a finite
DMI in a two-leg ladder are depicted in Fig. 6.3. Fig. 6.3(a) illustrates the formation of singlet
states along the rungs of the two-leg ladder. Figs. 6.3(b), 6.3(c), and 6.3(d) display the spin
configurations corresponding to the zigzag, ferromagnetic (FM), and stripy phases, respectively.
The red and blue arrows represent up and down spins, respectively. Figs. 6.3(e) and 6.3(f) depict
the spin configurations at ¢/m = 0.50 and ¢/7 = 1.50 for a strong DMI with D = 0.1, revealing
a chiral nature reminiscent of the vortex state observed in the two-dimensional honeycomb

lattice, which is discussed in Sec. 6.6.

6.4.2 Effect of DMI on KSL phases

For the standard KH ladder (D = 0), the AFK phase is stable within the range 0.48 < ¢/7m <
0.53. Upon introducing DMI, the boundaries of the AFK phase shift, as indicated by the peak
in the energy second derivative (—E{/N) shown in Fig. 6.4(a) for a two-leg ladder with system
size N =2 x 12.

In the weak DMI regime (0 < D < 0.05), the Kitaev interaction remains dominant, and the
AFK ground state persists. The second derivative of the ground-state energy shows two distinct
peaks, indicating that the AFK phase boundaries shift to 0.47 < ¢/7 < 0.52 at D = 0.05.
However, for stronger DMI (0.05 < D < 0.10), the DMI becomes dominant, destabilizing the
AFK phase. In this regime, a non-KSL I phase with large correlation length (¢ > 1) emerges.
Further details on spin correlations are discussed below.

While the shift in AFK phase boundaries due to DMI is relatively small, the FK phase
boundaries undergo a more significant change. Without DMI (D = 0), the FK phase exists
within 1.38 < ¢/m < 1.57. For weak DMI (0 < D < 0.05), these boundaries shift to 1.31 <
¢/m < 1.62 as D increases to 0.05. For stronger DMI (0.05 < D < 0.10), the FK phase
disappears and is replaced by two distinct phases: a non-KSL II phase with large correlation
length (£ > 1), and a spiral phase characterized by chiral spin correlations. These correlations
are analyzed in detail below.

Figures 6.4(c) and (d) show the plaquette operator W for a two-leg ladder with N = 2 x 12
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Figure 6.3: Schematic representation of spin configurations for the two-leg ladder in different
phases: (a) rung-singlet, (b) zigzag, (c) ferromagnetic (FM), and (d) stripy phases. Red and
blue arrows denote up and down spins, respectively. Panels (e) and (f) illustrate the spin
configurations at ¢/m = 0.50 and ¢/m = 1.50 for a strong DMI with D = 0.1, exhibiting a chiral
nature reminiscent of the vortex state observed in the two-dimensional honeycomb lattice.
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as a function of ¢/7, for various values of DMI around the AFK and FK regions. Finite-size

effects appear to be negligible within the spin-liquid phases.

In the standard KH ladder with D = 0, the plaquette operator reaches a value of 1 at the
Kitaev points ¢ = £7/2. As the system deviates from these points, VW decreases. For finite
DMI (D > 0), both the maximum value of W and the location of this maximum shift, in a
manner similar to the energy derivative. Notably, the behavior of W differs between FM Kitaev
and AFM Kitaev interactions: W shows a broader peak on the FM side, suggesting that the
KSL phase is more robust in the FM case than in the AFM case.

For weak DMI (0 < D < 0.05), W remains close to 1, indicating the persistence of the KSL
phase. In contrast, for stronger DMI (0.05 < D < 0.10), W decreases to approximately 0.7 in
the non-KSL I phase and to 0.85 in the non-KSL II phase. The plaquette operator remains
finite in the non-KSL phases, reflecting the gradual evolution of the spin-liquid character from

Kitaev-type to non-Kitaev-type with increasing DMI.

Figures 6.4(e) and (f) present the behavior of the string order parameter Oggying around the
AFK and FK regions for a two-leg ladder with N = 2 x 12, plotted as a function of ¢/m for
different values of D. For the KH ladder at D = 0, the normalized Ogiring reaches 1 at both the
FM and AFM Kitaev points, and decreases as the system moves away from the KSL region.

The behavior of Oging closely follows that of the plaquette operator.

For finite DMI (D # 0), the maximum value of Ogtring decreases from 1, with a shift in
its peak location similar to that observed in W. In the weak DMI regime (0 < D < 0.05),
Okstring Temains close to 1, whereas in the strong DMI regime (0.05 < D < 0.10), its maximum
value decreases to approximately 0.6 at D = 0.10. As with the plaquette operator, Ostring
remains finite in the non-KSL phases, reflecting the gradual transition from a Kitaev-type to a
non-Kitaev-type spin-liquid state.

In the pure Kitaev model on a honeycomb lattice, the spin correlations exhibit a highly
anisotropic and bond-dependent nature, confined to nearest-neighbor sites. The two-spin cor-
relation function (S{*S§) (o =z, y, 2) is nonzero only for spin components matching the bond
type (e.g., <5’fo) is finite for x-type bonds) and decays rapidly to zero. However, when pertur-
bations such as Heisenberg exchange and DMI are introduced, the nature of spin correlations

changes significantly.

The Heisenberg interaction introduces isotropic exchange coupling between spins, favoring
non-Kitaev magnetic ordering. In the presence of a finite Heisenberg term, the competition
between bond-dependent Kitaev interactions and isotropic exchange results in the emergence
of long-range magnetic order, such as zigzag, stripy, FM, and rung singlet phases, depending
on the sign and strength of the Heisenberg coupling. This ordering tendency enhances spin

correlations beyond nearest neighbors, disrupting the pure KSL state.

The DMI, on the other hand, breaks inversion symmetry and induces nontrivial spin textures.
In the presence of both perturbations, the competition between the KSL phase and ordered

states leads to rich phase diagrams where the spin correlations evolve from being short-ranged
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Figure 6.4: ED results for the second-order derivative of the ground-state energy per site,
—E(')' /N, the plaquette operator, W, and the string order parameter, Ogring, on a two-leg ladder
as a function of ¢/7 for various values of the DMI (D). Panels (a), (c), and (e) correspond to

values around the antiferromagnetic (AFM) Kitaev point, while panels (b), (d), and (f) depict
results near the ferromagnetic (FM) Kitaev point.
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Figure 6.5: Correlation length as a function of ¢/m for several values of DMI (D = 0, 0.02, 0.04,
0.05, 0.06, 0.07, and 0.08) with system size of N = 2 x 24. Top (bottom) panel is corresponding
to the ¢/pi around the AFK (FK) points.

and bond-dependent in the Kitaev limit to more extended and complex patterns depending on

the relative strengths of the perturbations.

We have elaborately studied the spin correlations using DMRG in all phases for various
values of DMI. Our primary focus is to understand the behavior of the correlations around the

KSL phases. For this purpose, we calculated the total correlation, defined as,

= (S§ST) + (SUSY) + (5357) (6.4.4)

In the standard KH ladder (D = 0), rung singlet (RS) and zigzag (ZZ) phases exist around
AFK phase. In the RS phase, spin correlations decay exponentially to zero. In the ZZ phase,

spins along each leg exhibit long-range order. Specifically, the S* component maintains long-
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range order, whereas the S* and SY components decay over short distances.

As we introduce the DMI, the spin correlations are no longer remain finite only for nearest
neighbor near the AFK phase. They follow exponential decay with smaller correlation length
compared to RS phase. We consider correlation length as a rough indicator for the crossover
from KSL to non-KSL phases with increasing DMI. Fig. 6.5(a) shows the correlation length as
a function of ¢/ (0.45 < ¢/m < 0.52) for various values of DMI (D) around the AFK point for
a ladder of system size N = 2 x 24.

The DMI dependence of correlation length as seen in Fig. 6.5 (a) show that the RS phase
is very much robust as the correlation lengths do not change much with increasing DMI. We
also notice that the minima of the correlation length shifts to a lower value of ¢ with increasing
DMI, which indicates that the liquid phase boundary shifts in presence of DMI.

The correlation length remains nearly constant up to a certain value of ¢/7m = 0.47 in the RS
phase at £(¢/7) ~ 2.30, after which it decreases to a minimum and then begins to increase again.
These minima are exactly similar to the maxima of plaquette operator, string order parameter.
For weak DMI (0 < D < 0.05), AFK phase still persists with minimum correlation length nearly
equals to one unit length (£(¢/m) ~ 1). But for stronger DMI (0.05 < D < 0.10), non-KSL I
phase appear with minimum correlation length is greater than one unit length (£(¢/7) > 1).

In the ferromagnetic side near FK phase, spin correlations also follow exponential decay.
Fig. 6.5 (b) shows the correlation length as a function of ¢/7 (1.36 < ¢/7 < 1.56) for various
values of DMI (D) around the FK point. Here also, for weak DMI (0 < D < 0.05), the FK phase
is dominant with small correlation length ({(¢/m) ~ 1) and for strong DMI (0.05 < D < 0.10),
a non-KSL II phase appears with large correlation length (£(¢/m) > 1). We have noticed that
correlations decay much faster in the FM side compared to AFM side, suggesting that the liquid

phase is more stable for FM Kitaev coupling.

6.5 Chiral spin structure

As the DMI is present, we expect the emergence of chiral spin structures in the system. The

chiral vector, v., which characterizes spin chirality, is defined as:

3 3
Ve = Z Soi1 % §2i+1 = Z So; x §2i+27 (6.5.1)

i=1 i=1
where the index i is defined as shown in the inset of Fig. 6.6. Since the DMI acts on second-
nearest-neighbor bonds, the resulting chirality is confined to the triangular plaquettes influenced
by the DMI. The chiral vector v, serves as an indicator of vortex-like states in the honeycomb
lattice. However, in the case of the two-leg ladder, the reduced dimensionality hinders the

formation of vortex states.

Nevertheless, we find a finite value of |7 - v.| over a range of ¢ around AFK and FK phases,

indicating that the DMI induces a chiral ordering within the liquid phase. We present the
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plaquette averaged |7 - v |, where the unit vector 7 is defined as = (& + § + 2)/V/3.
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Figure 6.6: Vector chirality | - v.|, where 7 = (2 + § + 2)/V/3, as a function of ¢/m for
various values of the Dzyaloshinskii-Moriya interaction (DMI) in a system of size N = 2 x 12.
The vector chirality is computed for each plaquette and averaged over all plaquettes. A finite
value is observed over a broad range of ¢/7 around the antiferromagnetic Kitaev (AFK) and
ferromagnetic Kitaev (FK) phases. As the DMI strength increases, the order parameter also
increases, indicating the stabilization of magnetic ordering, such as vortex-like states.

Figure 6.6 shows the vector chirality as a function of ¢ for different values of DMI with a
ladder of system size N = 2 x 12. The finite size effect is negligible in this case. In the absence
of DMI (D = 0), the order parameter vanishes, whereas for finite DMI (D # 0), the order
parameter |7 - v.| increases with increasing DMI.

For weak DMI (0 < D < 0.05), although the vector chirality remains finite, the competition
between Kitaev and DMI interactions leads to a Kitaev-dominated regime, suggesting a per-
sistence of the liquid phase. For strong DMI (D > 0.05), though the DMI dominates, zigzag
phase persists for moderate DMI (0.05 < D < 0.08)in the AFM Kitaev regime.

We define the following order parameter to analyze the instability of zigzag ordering:

1 z z
Oigzag(N) = 5(’<SL/2,1> + (512411

— (S5ja2) — (Sipae12)) (6.5.2)
Ozigzag = I}LH;OOZigzag(L) (653)

The zigzag order parameter is shown in Fig. 6.7. The zigzag order parameter (O.igzaq)
remains finite (~ 0.70) in presence of DMI throughout most of the phase and approaches zero
near the AFK-zigzag and zigzag-FM for weak DMI and non-KSL I-zigzag and zigzag-FM for
strong DMI. In contrast, on the FM Kitaev side, spiral phase emerges with spiral like spin

correlations.
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Figure 6.7: Zigzag order parameter as a function of ¢/ for various DMI with a system size
of N =2 x 24.

We compute the spin components by pinning field at ¢ = +x/2 for very strong DMI (D =
0.10) and we found that in both AFM and FM Kitaev side, the spin configurations show chiral

ordering as shown in Figures 6.3 (e) and (f).

6.6 Results for 2D honeycomb lattice

The gs phase diagram of the KH model on a honeycomb-lattice in absence of DMI (D = 0) has
been extensively studied, revealing four magnetic long-range ordered phases Néel, ZZ, ST, and
FM and two QSL phases; AFK and FK phases by tuning the Heisenberg and Kitaev interactions
[48, 145, 278, 280, 347, 395].

In presence of DMI (D # 0), the results for the 2D honeycomb lattice differ from the two-
leg ladder in many ways. In order to understand the phases we computed static spin structure

factor S(k), which reflects spin correlations at wave vector Q across the cluster:

S(k) = = (8- §j)ektrimrs) (6.6.1)

where N is the total number of lattice sites and r; denotes the position of site i. By examining
the behavior of S(k), we can determine the nature of spin ordering within the various phases.

We begin by focusing on the AFK and FK phases. Fig. 6.8 shows the structure factor for
various DM interaction (D = 0, 0.02, 0.05, and 0.10) at ¢/7 = 0.50 and 1.50. For weak DMI
(D = 0,0.02), we notice that the liquid-like behavior still persists, as evidenced by the Bragg
peaks spreading around the K-points in the AFK phase and near the I'-point in the FM phase.
However, for relatively strong DMI (D = 0.05,0.10), the liquid-like phase disappears, and a
new phase emerges, where prominent Bragg peaks appear at the K-point, suggesting a phase

resembling a vortex phase.
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Figure 6.8: Static structure factor (S(k)) [Eq. (6.6.1)] computed from ED for 2D-honeycomb
lattice with N = 24 periodic boundary condition. For weak DMI (D = 0,0.02), we notice
that the liquid-like behavior persists, as evidenced by the Bragg peaks spreading around the
K-points in the AFK phase and near the I'-point in the FM phase, while for strong DMI
(0.02 < D <0.10), the liquid-like phase disappears, and a new phase emerges, where prominent
Bragg peaks appear at the K-point, suggesting a phase resembling a vortex phase.

To understand further we computed spin density by a pinning field in the xy-plane and it
is found to be a vortex state. However, the vortex state is different for AFM Kitaev than FM
Kitaev exchange. More details about the vortex state such as symmetry, topology are yet to
be discovered. Using the structure factor, we construct phase diagrams for the 2D honeycomb
lattice. Fig. 6.9 presents the phase diagrams for three representative cases: zero DMI (D = 0),
weak DMI (D = 0.02), and, strong DMI (D = 0.1). This difference between the ladder and

honeycomb systems arises from the effects of low dimensionality.

6.7 Conclusion

In this work, we investigate the ground-state properties of the KH model in the presence of DMI
on both a two-leg ladder and a honeycomb lattice. The competition between Kitaev, Heisenberg,
and DM interactions plays a crucial role in determining the stability of the underlying quantum
phases. Our primary focus is to understand how DMI influences the stability of the KSL phase
and facilitates the emergence of novel quantum phases.

The computed phase diagrams reveal two distinct regimes: a weak-DMI region where the

KSL phase is robust, and a strong-DMI region where the system transitions into other magnetic
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Figure 6.9: Phase diagram for 2D honeycomb lattice for three representative cases: zero DMI
(D =0), weak DMI (D = 0.02), and, strong DMI (D = 0.1).

phases, including non-Kitaev spin-liquid on two-leg ladder and vortex phases on a honeycomb
lattice.

For the two-leg ladder, we calculate several physical quantities—including the energy deriva-
tive, plaquette operator, string order parameter, spin correlations, and vector chirality—to map
out the phase diagram. In the weak DMI regime (0 < D < 0.05), the KSL phase remains stable
with only a minor shift in phase boundaries. In contrast, for stronger DMI (0.05 < D < 0.1), the
KSL phase becomes unstable, giving way to a non-KSL (conventional SL) phase characterized
by exponentially decaying spin correlations. Notably, the vector chirality remains finite for all
values of D, indicating that chiral order coexists with the KSL phase.

Additionally, in the AFM Kitaev regime, a zigzag phase persists for relatively strong DMI
(0.06 < D < 0.08), whereas in the FM Kitaev regime, a spiral phase emerges, exhibiting
spiral-like spin correlations.

On the honeycomb lattice, the system exhibits behavior similar to that of the ladder in the
weak DMI regime. However, in the strong DMI regime, the disordered phase transitions into a
vortex phase rather than a non-KSL phase, emphasizing the importance of dimensionality and
connectivity in governing quantum phase stability. However, for very strong DMI the ladder
shows chiral spin configurations which is analogous to vortex structure in honeycomb lattice.

In summary, our study provides valuable insights into the interplay between Kitaev and
Dzyaloshinskii-Moriya interactions. We demonstrate how DMI modifies quantum spin-liquid
behavior and stabilizes chiral magnetic orders. These findings may have implications for exper-
imental realizations of Kitaev materials and the exploration of topological quantum phases in

spin-orbit-coupled magnetic systems.
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Conclusion

In this chapter, we provide a brief summary and concluding remarks on all the problems dis-
cussed so far.

Quantum magnetism is a vast and worth of exploring field. In particular, magnetic frus-
tration opens the door to new possible exotic phases of matter, like spin liquids, spin ices, and
nematic phases. Much of what lies behind that door is yet to be completely understood. In
this thesis, we focused on a special class of frustrated spin systems in one (1D) and quasi-one-
dimensions (quasi 1D). Though real, effectively 1D or quasi 1D materials are not so common,
there exist different classes of materials where an effective 1D or quasi 1D spin Hamiltonian is
enough to capture the experimental feature, such as magnetization, specific heat, susceptibility
and inelastic neutron scattering spectra, thus motivating our theoretical investigation. We have
presented possible realisations of such systems exhibiting geometric frustration in chapter 1.

This thesis is devoted to study the frustrated spin models and its ground state and excited
state properties. Such many-body systems are hard to solve due to large degrees of freedom
in the system. Therefore, numerical studies are the main tool for investigating these models.
We employed exact diagonalization (ED) and density matrix renormalization group (DMRG)
techniques to study these models.

The first problem addressed in this thesis deals with the spin-Peierls (SP) instability in the
ferromagnetic J; — Jo model and its extended model. We find that for o = Jo/|Ji| > 0.65,
the system exhibits sublattice dimerization with four spins per unit cell, whereas for smaller «,
conventional chain dimerization with two spins per unit cell emerges. Using ED and DMRG
techniques, we study the low-temperature thermodynamics and validate the approach through
comparisons with existing numerical results. Our analysis indicates that while the J; —Js model
qualitatively describes the magnetic susceptibility x(7') and specific heat C(T) of S-TeVOy.
A gapped model with exchange asymmetry () is necessary to explain the low-temperature
behavior.

The next problem deals with quasi-1D coupled trimer model with three spins per unit cell.
The competition between intra-trimer (/1) and inter-trimer (Jj) couplings leads to frustration
and distinct magnetic phases. By analyzing excitation gaps, spin correlations, and bond-bond
correlations, we construct a quantum phase diagram in the Jj/Ji — Jo/J; space, identifying
spin fluid, trimer, spiral, and gapped dimer phases. Notably, we find a first-order transition
between the trimer and dimer phases, marked by a shift in bond-bond correlation divergences.

The findings presented in this thesis provide new insights into the role of frustration and

exchange asymmetry in low-dimensional quantum magnets, contributing to the broader under-
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standing of quasi-1D materials with competing interactions.

The next two problems focus on exchange frustration, arises from Kitaev model which hosts
quantum spin liquid (QSLs) with complex entangled states such as fractional excitations such
as spinons and Majorana fermions. The physical realization of this model in a real material has
been challenging. However, the magnetic properties of a wide range of iridium- and ruthenium-
based materials can provide a more realistic description of the Kitaev-Heisenberg (KH) model,
incorporating residual nearest-neighbor Heisenberg interactions.

The ground state phase diagram of the honeycomb lattice KH model has been extensively
studied, revealing four magnetic long-range ordered (LRO) phases (Néel, zigzag, stripy, and
ferromagnetic) and two Kitaev spin liquid (KSL) phases (ferromagnetic and antiferromagnetic
Kitaev) by tuning the Heisenberg and Kitaev interactions. However, the potential for a quantum
phase involving higher spin states, such as a quadrupolar (QP) or nematic state, in the KH model
remains largely unexplored. Given this scenario, the question arises whether there is QP order
in a pure Kitaev-Heisenberg model on a spin-1/2 ladder and honeycomb lattice.

In our study, we examined the properties of the quadrupolar phase in this model on two
geometries: the two-legged ladder and the two-dimensional honeycomb lattice, using ED and
DMRG methods. Our analysis revealed a comprehensive ground-state phase diagram, showing
the stability of quadrupolar order over a wide range of the phase diagram, particularly near the
Kitaev spin liquid phases. This enhancement is particularly intriguing as it occurs in the absence
of long-range spin-spin correlations, suggesting a nuanced relationship between QP order and
QSLs. In fact, a positive third-order susceptibility, which is indicative of a general signature of
QP order, has been observed in the vicinity of the FK QSL phase in a-RuCls. These insights
not only advance our understanding of the KH model but also contribute significantly to the
broader discourse on quantum magnetism in low-dimensional systems, highlighting the intricate
interplay between different types of quantum order.

The last problem incorporates the Dzyaloshinskii-Moriya interaction (DMI) into the KH
model (KH-DMI model), we analyzed its impact on the stability of the QSL phase and the
emergence of chiral magnetic orders. Our results reveal that weak DMI (0 < D < 0.05)
modifies phase boundaries while preserving the QSL phase, whereas stronger DMI (D > 0.05)
destabilizes it, leading to new magnetic phases such as the conventional spin liquid (SL) in
two-leg ladder and vortex states in honeycomb lattice.

Our findings highlight the crucial role of interaction competition in governing quantum
phase stability and suggest that chiral and topological orders in Kitaev-like materials may be
experimentally accessible. By providing a comprehensive phase diagram and uncovering the
interplay between QSL and chiral magnetic orders, this study advances our understanding of

low-dimensional quantum magnetism and its implications for future quantum materials research.
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